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ON THE GAN-GROSS-PRASAD PROBLEM FOR FINITE CLASSICAL
GROUPS
ZHICHENG WANG
Abstract. In this paper we study the Gan-Gross-Prasad problem for finite classical groups. Our
results provide complete answers for unipotent representations, and we obtain the explicit branching
laws for these representations. Moreover, for arbitrary representations, we give a formula to reduce
the Gan-Gross-Prasad problem to the restriction problem of Deligne-Lusztig characters.
1. Introduction
Let Fq be an algebraic closure of a finite field Fq, which is of characteristic p > 2. Consider a
connected reductive algebraic group G defined over Fq, with Frobenius map F . Let Z be the center
of GF . We will assume that q is large enough such that the main theorem in [S2] holds, namely
assume that
• TF/Z has at least two Weyl group orbits of regular characters, for every F -stable maximal
torus T of G.
Let H be a subgroup of G. Let π ∈ Irr(GF ) and σ ∈ Irr(HF ). We write
〈π, σ〉HF = dimHomHF (π, σ).
In this paper, we focus on the following three problems for finite orthogonal groups and finite
symplectic groups.
• Let Vn be an n-dimensional space over Fq with a nondegenerate symmetric bilinear form
(, ), which defines the orthogonal group O(Vn) ∼= O
ǫ
n(Fq) with ǫ ∈ {±}, and let Vn−1 ⊂ Vn.
The first problem is to compute the multiplicity
(1.1) 〈π, σ〉O(Vn−1)
where π and σ are complex irreducible representations of O(Vn) and O(Vn−1), respectively.
• Let W2n be a symplectic space of dimension 2n over Fq, which gives the symplectic group
Sp2n(Fq). The second problem is to compute the multiplicity
(1.2) 〈π ⊗ ωn,ψ, σ〉Sp2n(Fq)
where π and σ are complex irreducible representations of Sp2n(Fq), and ωn,ψ is the Weil
representation (see [Ger]) of Sp2n(Fq) with a nontrivial additive character ψ of Fq.
• The third problem is to compute the multiplicity in Gan-Gross-Prasad problem for finite
orthogonal groups and finite symplectic groups. Let π and σ be complex irreducible repre-
sentations of O(Vn) and O(Vm) (resp. Sp(W2n) and Sp(W2m)), respectively where n > m
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and n −m is odd (resp. n ≥ m and 2n − 2m is even). The Gan-Gross-Prasad problem is
concerned with the multiplicity
(1.3) m(π, σ) (resp. mψ(π, σ)) := 〈π ⊗ ν¯, π
′〉H(Fq) = dimHomH(Fq)(π ⊗ ν¯, π
′)
where the data (H, ν) is defined as in [GGP1, Theorem 15.1] (resp. [GGP1, Theorem 16.1])
(c.f. [LW3] for details in this case). According to whether π and σ are complex irreducible
representations of orthogonal groups or symplectic groups, the above Hom space is called
the Bessel model or Fourier-Jacobi model. It worth pointing out that if n −m = 1 (resp.
n − m = 0), then (1.3) becomes (1.1) and (1.2). So we call the above two problems the
basic cases.
In the p-adic case, the local Gan-Gross-Prasad conjecture [GP1, GP2, GGP1] provides explicit
answers. To be a little more precise, let G be a classical group defined over a local field and π
belongs to a generic Vogan L-packet. The multiplicity one property holds for this situation, namely
m(π, σ) := dimHomH(π, σ) ≤ 1,
and the invariants attached to π and σ that detect the multiplicity m(π, σ) is the local root number
associated to their Langlands parameters. In the p-adic case, the local Gan-Gross-Prasad conjecture
has been resolved by J.-L. Waldspurger and C. Mœglin and J.-L. Waldspurger [W2, W3, W4, MW]
for orthogonal groups, by R. Beuzart-Plessis [BP1, BP2] and W. T. Gan and A. Ichino [GI] for
unitary groups, and by H. Atobe [Ato] for symplectic-metaplectic groups. On the other hand, D.
Jiang and L. Zhang [JZ1] study the local descents for p-adic orthogonal groups, whose results can
be viewed as a refinement of the local Gan-Gross-Prasad conjecture, and the descent method has
important applications towards the global problem (see [JZ2]).
There are also some multiplicity one results over finite fields, proved via known multiplicity one
result for local field. However, we can not get the the multiplicity one in the Gan-Gross-Prasad
problem for arbitrary representations directly in this way. In previous works [LW2, LW3, LW4], we
have studied the Gan-Gross-Prasad problem of unipotent representations of finite unitary groups
and the descent problem of unipotent cuspidal representations of finite orthogonal groups and
finite symplectic groups. In this paper, we generalize our previous results and our main tool is the
theta correspondence over finite fields. To apply the theta correspondence, we first show that the
parabolic induction preserves the multiplicity (1.3), and thereby make a reduction to the basic case
as follows. For the Bessel case, let l = n+1−m2 , and let P be an F -stable maximal parabolic subgroup
of O(Vn+1) with Levi factor GLl×O(Vm). There exists a cuspidal representation τ satisfying some
technical conditions such that
(1.4) m(π, σ) = 〈π, I
O(Vn)
P (τ ⊗ σ)〉O(Vn)
where I
OVn
P (τ ⊗ σ) is the parabolic induction. For Fourier-Jacobi case, let l = n − m, and let P
be an F -stable maximal parabolic subgroup of Sp2n with Levi factor GLl × Sp2m. There exists a
cuspidal representation τ as before such that
(1.5) mψ(π, σ) = 〈π, I
Sp2n
P (τ ⊗ σ)⊗ ωn,ψ〉Sp2n(Fq)
where I
Sp2n
P (τ ⊗ σ) is the parabolic induction. Then we compute the right side of (1.4) and (1.5)
by the standard arguments of theta correspondence and see-saw dual pairs, which are used in the
proof of local Gan-Gross-Prasad conjecture (see [GI, Ato]). We can conclude that each cases can
be reduced to the multiplicity (1.1).
For an F -stable maximal torus T of G and a character θ of TF , let RGT,θ be the virtual character
of GF defined by P. Deligne and G. Lusztig in [DL]. We say a complex irreducible representation
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is uniform if it is a linear combination of the Deligne-Lusztig characters. In [R], Reeder consider
the multiplicity (1.1) for Deligne-Lusztig characters on the special orthogonal groups, and he gives
a explicit formula. In other words, if both π and σ are uniform, then (1.1) can be calculated by
Reeder’s formula.
Our main result is to give a formula to reduce the the multiplicity in above three problems
to the uniform case. Although in general, explicit calculation with Reeder’s formula is still quite
involved, we can give some explicit results for some interesting cases. For example, we can give the
multiplicity one for unipotent representations, and have branching laws for these representations.
1.1. Classification of the irreducible of finite orthogonal groups and finite symplec-
tic groups. Let G be a reductive group defined over Fq, and let E(G) = Irr(GF ) be the set of
irreducible representations of GF . Let P be an F -stable parabolic subgroup of G with Levi de-
composition P = LV . We focus on classical groups. Assume that the levi subgroup L is of the
form GLn ×G
′ where G′ is a classical group with the same type of G. For any irreducible cuspidal
representation σ ∈ E(G′), let
E(G,σ) = {π ∈ E(G)|〈π, IGGLn×G′(ρ⊗ σ)〉GF 6= 0 for some ρ ∈ E(GLn)}.
It is easily seen that for every irreducible π ∈ E(G), there exists exactly one of pair (G′, σ) such
that π ∈ E(G,σ).
Let G∗ be the dual group of G. We still denote the Frobenius endomorphism of G∗ by F . Then
there is a natural bijection between the set of GF -conjugacy classes of (T, θ) and the set of G∗F -
conjugacy classes of (T ∗, s) where T ∗ is a F -stable maximal torus in G∗ and s ∈ T ∗F . We will also
denote RGT,θ by R
G
T ∗,s if (T, θ) corresponds to (T
∗, s). For a semisimple element s ∈ G∗F , define
Lusztig series as follows:
E(GF , s) = {π ∈ E(GF ) : 〈π,RGT ∗,s〉 6= 0 for some T
∗ containing s}.
And
E(GF ) =
∐
(s)
E(GF , s)
where (s) runs over the conjugacy classes of semisimple elements. Moreover, there is a bijection
Ls : E(G
F , s)→ E(CG∗F (s), 1),
extended by linearity to a map between virtual characters satisfying that
Ls(εGR
G
T ∗,s) = εCG∗F (s)R
C
G∗F
(s)
T ∗,1 .
In particular, Lusztig correspondence sends cuspidal representations to cuspidal representations
and sends uniform representations to uniform representations. We say an irreducible representation
π ∈ E(G, s) is unipotent (resp. quadratic unipotent) if s = 1 (resp. s2 = 1).
Let G be a symplectic group or orthogonal group. We have a modified Lusztig corespondence
with three groups G(1)(s), G(2)(s) and G(3)(s) (c.f. [P4] and section 3.3 for details). Our notation is
slightly different from that of [P4]: the group G(2)(s) always associates with eigenvalue 1. Let L′s be
the modified Lusztig corespondence defined in Subsection 3.2. The modified Lusztig corespondence
is equal to the Lusztig correspondence if G is an orthogonal group. We have
L′s : E(G, s)→
{
E(G(1)(s), 1) × E(G(2)(s), 1)× E(G(3)(s), 1)× {±} if G is odd orthogonal;
E(G(1)(s), 1) × E(G(2)(s), 1)× E(G(3)(s), 1) otherwise.
where
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• G(1)(s) is a product of general linear groups and unitary groups;
• If G = O2l+1, then G
(2)(s) and G(3)(s) are symplectic groups.
• If G = O±2l, then G
(2)(s) and G(3)(s) are even orthogonal groups.
• If G = Sp2l, then G
(2)(s) is a symplectic group and G(3)(s) is an even orthogonal group.
We now review some results on the classification of the irreducible unipotent representations by
Lusztig in [L1, L2, L3]. We follow the notation of [P3], which is slightly different from that of [L1].
A symbol is an array of the form
Λ =
(
a1, a2, · · · , am1
b1, b2, · · · , bm2
)
.
We always assume that ai > ai+1 and bi > bi+1. Let
rank(Λ) =
∑
ai∈A
ai +
∑
bi∈B
bi −
⌊(
|A|+ |B| − 1
2
)2⌋
,
def(Λ) = |A| − |B|.
Note that the definition of def(Λ) differs from that of [L1, p.133]. For a symbol Λ =
(
A
B
)
, let
Λ∗ (resp. Λ∗) denote the first row (resp. second row) of Λ, and let Λ
t =
(
B
A
)
. It is clear that
rank(Λt) = rank(Λ) and def(Λt) = −def(Λ). Then Lusztig gives a bijection between the unipotent
representations of these groups to equivalence classes of symbols as follow:
E(Sp2n, 1)
E(O2n+1, 1)
E(O+2n, 1)
E(O−2n, 1)
−→

Sn :=
{
Λ|rank(Λ) = n,def(Λ) = 1 (mod 4)
}
;
Sn × {±};
S+n :=
{
Λ|rank(Λ) = n,def(Λ) = 0 (mod 4)
}
;
S−n :=
{
Λ|rank(Λ) = n,def(Λ) = 2 (mod 4)
}
.
If G is an even (resp. odd) orthogonal group, it is known that πΛt = sgn·πΛ (resp. πΛ,ǫ = sgn·πΛ,−ǫ)
where πΛ (resp. πΛ,ǫ) means the irreducible representation parametrized by Λ (resp. (Λ, ǫ)) and
sgn denotes the sign character. Here we distinguish πΛ,± by decreeing that πΛ,±(−1) = ±Id.
Let π be an irreducible representation of Sp2n(Fq), O
ǫ
2n(Fq) or O2n+1(Fq). Suppose that
L′s(π) = π
(1) ⊗ π(2) ⊗ π(3) = ρ⊗ πΛ ⊗ πΛ′ , (resp. ρ⊗ πΛ ⊗ πΛ′ ⊗ ǫ).
where L′s is the modified Lusztig correspondence. Then we denote π by πρ,Λ,Λ′ (resp. πρ,Λ,Λ′,ǫ). If
G(1)(s) is trivial, then we denote πρ,Λ,Λ′ by π−,Λ,Λ′. Similar notation applies for G
(2)(s) and G(3)(s).
If π = πρ,−,−, then we denote it briefly by πρ. If π = π−,Λ,− (resp. π−,Λ,−,ǫ), then it is unipotent
and π = πΛ (resp. πΛ,ǫ).
It is worth pointing out that there is not a canonical choice of modified Lusztig correspon-
dences. If we fix a choice of modified Lusztig correspondences for every Lusztig series, then we fix
a parametrization of irreducible representations. For any π ∈ E(G), let
L′G(π) := L
′
s(π) if π ∈ E(G, s).
From now on, for every G, we fix a choice of L′G satisfying some technical conditions in Subsection
4.4 , and parameterize irreducible representations by this L′G. We emphasize that our result does
not depend the choice of L′G.
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According to Lusztig’s results [L1], let πSp2k(k+1) , πSO2k(k+1)+1 and πSOǫ2k2
be the unique unipotent
cuspidal representations of the corresponding groups. It follows easily that there are two irreducible
unipotent cuspidal representations π and π′ of O±
2k2
(Fq) (resp. O2k(k+1)+1(Fq)), and π = sgn · π
′.
Moreover, if πΛ (resp. πΛ,ǫ) is a unipotent cuspidal representation, then we have
k =

|def(Λ)|−1
2 , if πΛ ∈ E(Sp2k(k+1));
|def(Λ)|−1
2 , if πΛ,ǫ ∈ E(O2k(k+1)+1);
|def(Λ)|
2 , if πΛ ∈ E(O
ǫ′
2k2);
(c.f. [P3, section 3] for details).
Let πρ,Λ,Λ′,ǫ (resp. πρ,Λ,Λ′) be an irreducible representation of Sp2n(Fq), O
±
2n(Fq) or O2n+1(Fq).
Assume that Λ and Λ′ correspond to unipotent cuspidal representations of G(2)(s) and G(3)(s),
respectively. Let
k =

|def(Λ)| − 1
2
if Λ ∈ Sm;
def(Λ)
2
if Λ ∈ S±m.
and
h =

|def(Λ′)| − 1
2
if Λ′ ∈ Sm′ ;
def(Λ′)
2
if Λ′ ∈ S±m′ .
For abbreviation, we write πρ,k,h (resp. πρ,k,h,ǫ) instead of πρ,Λ,Λ′ (resp. πρ,Λ,Λ′,ǫ). We emphasize
that πρ,k,h (resp. πρ,k,h,ǫ) is not necessarily cuspidal.
1.2. The main result. As is standard, denote by SOǫn and O
ǫ
n, ǫ = ±, the (special) orthogonal
groups of an n -dimensional quadratic space with discriminant ǫ 1 ∈ F×q /(F
×
q )
2. For convenience,
by abuse of notation we also write ǫ = ǫ 1 for the sign of the corresponding discriminant. Denote
by ǫ−1 the square class of −1.
Fix a character ψ of Fq. For the dual pair (Sp2n,O
ǫ
2n′), we write ω
ǫ
n,n′ for the restriction of ωSp2N
to Sp2n(Fq)×O
ǫ
2n′(Fq). Similar notation applies for (Sp2n,O
ǫ
2n′+1). When the context of dual pairs
is clear, abbreviate by Θǫn,n′ the theta lifting from Gn to G
′
n′ .
By abuse of notation, for π = πρ ∈ E(Sp2n) and π
′ = πρ′ ∈ E(Sp2m), we write
mψ(π, π
′) =
{
mψ(π, π
′), if n ≥ m;
mψ(π
′, π), if n < m.
For n = m, by Proposition 7.8, it is well defined. If n = 0 (resp. m = 0), then we set
mψ(−, π
′) (resp. mψ(π,−)) =
{
1, if π′ (resp. π) is regular (see subsection 3.3);
0, otherwise.
Similarly, for π ∈ E(Oǫn) and π
′ ∈ E(Oǫ
′
m), we write
m(π, π′) =
{
m(π, π′), if n > m;
m(π′, π), if n < m
and for n = 0 (resp. m = 0), we set
m(−, π′) (resp. m(π,−)) =
{
1, if π′ (resp. π) is regular (see subsection 3.3);
0, otherwise.
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For a pair of irreducible representations (π, π′), whether the multiplicity (1.3) vanishes depends
on the behavior of the pair in the see-saw. For instance, let π and sgn ·π be two unipotent cuspidal
representations of O+5 (Fq). By [LW1, Theorem 3.12], there exists a representation π0 ∈ {π, sgn · π}
such that Θ+2,1(π0) = π1 where π1 is a cuspidal representation of Sp2(Fq). Let π
′ ∈ E(O+4 (Fq), s)
where s has no eigenvalues ±1. Then by Theoren 5.2, the first occurrence index of π′ is 2, and
Θ+2,2(π
′) = π′1 where π
′
1 is an irreducible representation of Sp4(Fq). Consider the see-saw diagram
Sp2 × Sp2
Sp2
O+5
O+4 ×O
+
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
We have
m(π0, π
′) = 〈π0, π
′〉O+4 (Fq)
≤ 〈Θ+1,2(π1), π
′〉O+4 (Fq)
= 〈π1,Θ
+
2,1(π
′)⊗ ω+1 〉Sp+2 (Fq)
= 0.
So we need to pick some good pairs of representations such that does not happen. We call these
pairs of irreducible representations of orthogonal groups (resp. symplectic groups) strongly relevant
(resp. (ψ, ǫ−1)-strongly relevant). See subsection 6.3 for the explicitly definition of strongly relevant
pair.
Our first main result is the following.
Theorem 1.1. (i) Let n ≥ m. Let πρ,k,h be an irreducible representation of Sp2n(Fq), and let
πρ′,k′,h′ be an irreducible representation of and Sp2m(Fq). Then
mψ(πρ,k,h, πρ′,k′,h′) =
{
mψ(πρ, πρ′) if (πρ,k,h, πρ′,k′,h′) is (ψ, ǫ−1)-strongly relevant;
0 otherwise
where mψ(πρ, πρ′) does not depend on ψ.
(ii) Let πρ,h,k,ǫ′′ be an irreducible representation of O
ǫ
2n+1(Fq), and let πρ′,k′,h′ be an irreducible
representation of and Oǫ
′
2m(Fq). Then
m(πρ,h,k,ǫ′′, πρ′,k′,h′) =
{
mψ(πρ, πρ′) if (πρ,h,k,ǫ′′, πρ′,k′,h′) is strongly relevant;
0 otherwise
where mψ(πρ, πρ′) is the same one as above.
Remark 1.2. Theorem 1.1 does not depend on the choice of modified Lusztig correspondences. In
fact, the parametrization of irreducible representations is not involved in the definition of strongly
relevant pair (resp. (ψ, ǫ−1)-strongly relevant pair). And for two different choices of modified
Lusztig correspondences, πρ and πρ′ will not change.
Note that πρ and πρ′ are uniform and the theta lifting of them are very simple (see Theorem 5.2
and Theorem 5.3). So we can reduce mψ(πρ, πρ′) to the Bessel case by the standard arguments of
theta correspondence and see-saw dual pairs, and calculate the Bessel case by Reeder’s formula.
By Corollary 6.6 and Corollary 6.7, we have following result.
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Corollary 1.3. (i) Keep the assumptions in Theorem 1.1 (i). Assume that mψ(πρ, πρ′) 6= 0. If
k /∈ {|h′|, |h′| − 1} or k′ /∈ {|h|, |h| − 1}, then mψ(πρ,k,h, πρ′,k′,h′) = 0. If k ∈ {|h
′|, |h′| − 1} and
k′ ∈ {|h|, |h| − 1}, then there are ǫ0, ǫ
′
0 ∈ {±} such that
mψ(πρ,k,ǫ1h, πρ′,k′,ǫ2h′) =
{
mψ(πρ, πρ′) if (ǫ
1, ǫ2) = (ǫ0, ǫ
′
0);
0 otherwise
(ii) Keep the assumptions in Theorem 1.1 (ii). Assume that mψ(πρ, πρ′) 6= 0. If k /∈ {|k
′|, |k′|−1}
or h /∈ {|h′|, |h′| − 1}, then m(πρ,h,k,ǫ′′, πρ′,k′,h′) = 0. If k ∈ {|k
′|, |k′| − 1} and h ∈ {|h′|, |h′| − 1},
then there are ǫ0, ǫ
′
0 ∈ {±} such that
m(πρ,h,k,ǫ′′, πρ′,ǫ1k′,ǫ2h′) =
{
mψ(πρ, πρ′) if (ǫ
1, ǫ2) = (ǫ0, ǫ
′
0);
0 otherwise
In remark 5.4, we know that two different choices of modified Lusztig correspondences are equal
up to sgn. So Corollary 1.3 does not depend on the choice of modified Lusztig correspondences.
In [P3, P4], Pan determines the theta correspondence for finite symplectic and orthogonal pairs.
A complete understanding of theta correspondence should extend our above results to more general
representations. Let
Geven,+n,m :=
{
(Λ,Λ′)|Υ(Λ)∗ 4 Υ(Λ′)∗,Υ(Λ′)∗ 4 Υ(Λ)∗,def(Λ) > 0,def(Λ
′) = def(Λ)− 1
}
;
Geven,−n,m :=
{
(Λ,Λ′)|Υ(Λ′)∗ 4 Υ(Λ)
∗,Υ(Λ)∗ 4 Υ(Λ
′)∗,def(Λ) > 0,def(Λ′) = −def(Λ)− 1
}
;
Godd,−,n,m :=
{
(Λ,Λ′)|Υ(Λ′)∗ 4 Υ(Λ)∗,Υ(Λ)∗ 4 Υ(Λ
′)∗,def(Λ) < 0,def(Λ
′) = −def(Λ)− 1
}
;
Godd,+,n,m :=
{
(Λ,Λ′)|Υ(Λ′)∗ 4 Υ(Λ)∗,Υ(Λ)
∗ 4 Υ(Λ′)∗,def(Λ) < 0,def(Λ
′) = def(Λ)− 1
}
be subsets of Sn × S
±
m where Υ(Λ)
∗ and Υ(Λ)∗ are defined in subsection 4.2. Let
G =
⋃
n,m
(
Geven,+n,m
⋃
Geven,−n,m
⋃
Godd,−n,m
⋃
Godd,+n,m
)
.
Our second main result is the following.
Theorem 1.4. (i) Let n ≥ m. Let πρ,Λ,Λ′ ∈ E(Sp2n) and πρ1,Λ1,Λ′1 ∈ E(Sp2m). Then we have
mψ(πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) =

mψ(πρ, πρ1), if (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is (ψ, ǫ−1)-strongly relevant, and there
are Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 } and Λ˜
′ ∈ {Λ′,Λ′t} such that (Λ, Λ˜′1)
and (Λ1, Λ˜
′) ∈ G;
0, otherwise.
Moreover, if m = n, then we have
πρ,Λ,Λ′ ⊗ ω
ǫ−1
n,ψ =
⊕
mψ(πρ, πρ1)πρ1,Λ1,Λ′1
where the sum runs over the irreducible representations as above.
(ii) Let πρ,Λ,Λ′,ǫ′′ ∈ E(O
ǫ
2n+1) and πρ1,Λ1,Λ′1 ∈ E(O
ǫ′
2m). Then we have
m(πρ,Λ,Λ′,ǫ′′ , πρ1,Λ1,Λ′1) =

mψ(πρ, πρ1), if (πρ,Λ,Λ′,ǫ′′, πρ1,Λ1,Λ′1) is strongly relevant, and there
are Λ˜1 ∈ {Λ1,Λ
t
1} and Λ˜
′
1 ∈ {Λ
′
1,Λ
′t
1 } such that (Λ, Λ˜1)
and (Λ′, Λ˜′1) ∈ G;
0, otherwise
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where mψ(πρ, πρ1) is the same one as above. Moreover, if m = n, then we have
πρ,Λ,Λ′,ǫ′′ |Oǫ′2m
=
⊕
mψ(πρ, πρ1)πρ1,Λ1,Λ′1
where the sum runs over the irreducible representations as above.
Remark 1.5. Theorem 1.4 does not depend on the choice of modified Lusztig correspondences.
In fact, for (i), we already know that the condition of (ψ, ǫ−1)-strongly relevant does not depend
on modified Lusztig correspondences. Let σρ,Λ,Λ′ be the irreducible representation of Sp2n(Fq) by a
different choice of modified Lusztig correspondences, and assume that σρ,Λ,Λ′ 6= πρ,Λ,Λ′ . In remark
5.4, we know that σρ,Λ,Λ′ = πρ,Λ,Λ′′ with Λ
′′ ∈ {Λ′,Λ′t}, which implies that the conditions does not
depend on modified Lusztig correspondences. For orthogonal groups, we have similar arguments.
Corollary 1.6. (i) Keep the assumptions in Theorem 1.4 (i). Let {πi} = {πρ,Λ,Λ′ , πρ,Λ,Λ′t}, and let
{πi1} = {πρ1,Λ1,Λ′1 , πρ1,Λ1,Λ′t1 } with i = 1, 2. Assume that mψ(πρ, πρ
′) 6= 0. If there are Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 }
and Λ˜′ ∈ {Λ′,Λ′t} such that (Λ, Λ˜′1) and (Λ1, Λ˜
′) ∈ G, then there are i0, j0 such that
mψ(π
i, πj1) =
{
mψ(πρ, πρ′) if (i, j) = (i0, j0);
0 otherwise.
If not, then mψ(π
i, πj1) = 0 for every i and j.
(ii) Keep the assumptions in Theorem 1.4 (ii). Let {πi} = {πρ1,Λ1,Λ′1 , πρ1,Λt1,Λ′1 , πρ1,Λ1,Λ′t1 , πρ1,Λt1,Λ′t1 }.
Assume that mψ(πρ, πρ′) 6= 0. If there are Λ˜1 ∈ {Λ1,Λ
t
1} and Λ˜
′
1 ∈ {Λ
′
1,Λ
′t
1 } such that (Λ, Λ˜1) and
(Λ′, Λ˜′1) ∈ G, then there is i0 such that
mψ(πρ,Λ,Λ′,ǫ′′, π
i
1) =
{
mψ(πρ, πρ′) if i = i0;
0 otherwise.
If not, then mψ(πρ,Λ,Λ′,ǫ′′ , π
i
1) = 0 for every i.
We obtain the following immediate consequence by Theorem 1.4, Proposition 3.2 and Theorem
1.1 in [LW3].
Corollary 1.7 (multiplicity one for unipotent representations). Let n ≥ m.
(i) Let πΛ ∈ E(Sp2n, 1). For an irreducible representation πρ,Λ1,Λ′1 of Sp2m(Fq), we have
mψ(πΛ, πρ,Λ1,Λ′1) =

1, if (πΛ, πρ,Λ1,Λ′1) is (ψ, ǫ−1)-strongly relevant, and there is Λ˜
′
1 ∈ {Λ
′
1,Λ
′t
1 }
such that (Λ, Λ˜′1) ∈ G, and πΛ1 and ρ are regular;
0, otherwise.
(ii) Let πΛ ∈ E(Sp2n, σ), and let π−,−,Λ′ ∈ E(Sp2m, σ
′) where σ is an irreducible unipotent cuspidal
representation of Sp2k(k+1)(Fq) and σ
′ is an irreducible θ-cuspidal representation of Sp2k′2(Fq).
Then
mψ(πΛ, π−,−,Λ′) =

1, if either DFJk,ψ(σ) = σ
′ or DFJk′,ψ(σ
′) = σ and there is Λ˜′ ∈ {Λ′,Λ′t}
such that (Λ, Λ˜′) ∈ G;
0, otherwise.
where DFJℓ,ψ is defined as in [LW3, (1.9)] and θ-representations are defined in section 4.
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(iii) Let πΛ,ǫ′′ be an irreducible unipotent representation of O
ǫ
2n+1(Fq). For an irreducible repre-
sentation πρ,Λ1,Λ′1 of O
ǫ′
2m(Fq), we have
m(πΛ,ǫ′′ , πρ,Λ1,Λ′1) =

1, if (πΛ,ǫ′′ , πρ,Λ1,Λ′1) is strongly relevant, and there is Λ˜1 ∈ {Λ1,Λ
t
1} such that
(Λ, Λ˜1) ∈ G, and πΛ′1 and ρ are regular;
0, otherwise.
(iv) Let πΛ,ǫ′′ ∈ E(O
ǫ
2n+1, σ), and let π−,−,Λ′ ∈ E(O
ǫ′
2m, σ
′) where σ is an irreducible unipotent cus-
pidal representation of Oǫ2k(k+1)(Fq) and σ
′ is an irreducible θ-cuspidal representation of Oǫ
′
2k′2(Fq).
Then
mψ(πΛ,ǫ′′ , π−,−,Λ′) =

1, if either DBk,v0(σ) = σ
′ or DBk′−1,v0(σ
′) = σ and there is Λ˜′ ∈ {Λ′,Λ′t}
such that (Λ, Λ˜′) ∈ G;
0, otherwise.
where DBℓ,v0 is defined as in [LW3, (1.5)].
Corollary 1.8. (i) Let n ≥ m. Let πΛ be a unipotent representation of Sp2n(Fq). Then we have
πΛ ⊗ ω
+
n,ψ =
⊕
πρ,Λ1,Λ′1
where πρ,Λ1,Λ′1 runs over E(Sp2n) such that (πΛ, πρ,Λ1,Λ′1) is (ψ, ǫ−1)-strongly relevant, and there is
Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 } such that (Λ, Λ˜
′
1) ∈ G, and πΛ1 and ρ are regular.
(ii) Let πΛ,ǫ′′ be a unipotent representation of O
ǫ
2n+1(Fq), Then we have
πΛ,ǫ′′|Oǫ′2n(Fq)
=
⊕
πρ,Λ1,Λ′1
where πρ,Λ1,Λ′1 runs over E(O
ǫ′
2n) such that (πΛ, πρ,Λ1,Λ′1) is strongly relevant, and there is Λ˜1 ∈
{Λ1,Λ
t
1} such that (Λ, Λ˜1) ∈ G, and πΛ′1 and ρ and are regular.
This paper is organized as follows. In Section 2, we recall the notation of Harish-Chandra series.
In Section 3, we recall the theory of Deligne-Lusztig characters and Lusztig correspondence. In
particular, we focus on the modified Lusztig corespondence for finite symplectic groups and finite
orthogonal groups. Then we provide some results for regular characters which are used in this paper.
In Section 4, we recall the classification of quadratic unipotent representations of symplectic groups
and orthogonal groups. In Section 5, we recall the result by Pan in [P4] on the Howe correspondence
for finite symplectic groups and finite orthogonal groups. Then we discuss the relations between the
symbols of representations in the Howe correspondence which play the important roles in the proof
of our main results. In Section 6, we recall the and first occurrence index of cuspidal representations
of finite orthogonal groups and symplectic groups, and give the definitions of relevant and strongly
relevant. In Section 7, we prove the Theorem 1.1. In Section 8, we prove the the Theorem 1.4.
Acknowledgement. The author would like to thank Dongwen Liu for many helpful and en-
lightening discussions on this topic.
2. Harish-Chandra series
Let G be a reductive group defined over Fq, F be the corresponding Frobenius endomorphism,
and let E(G) = Irr(GF ) be the set of irreducible representations of GF . A parabolic subgroup P
of G is the normalizer in G of a parabolic subgroup P ◦ of the connected component G◦ of G. A
Levi subgroup L of P is the normalizer in G of the a Levi subgroup L◦ of P ◦. Then we have a Levi
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decomposition P = LV . If P is F -stable, then we have PF = LFV F . Let δ be a representation
of the group LF . We can lift δ to a character of PF by making it trivial on V F . We have the
parabolic induction
(2.1) IGL (δ) := I
G
P (δ) = Ind
GF
PF δ.
It is well-known that the induction in stages holds (see e.g. [DM, Proposition 4.7]), namely if
Q ⊂ P are two parabolic subgroups of G and M ⊂ L are the corresponding Levi subgroups, then
IGL ◦ I
L
M = I
G
M .
We say that a pair (L, δ) is cuspidal if δ is cuspidal.
Theorem 2.1. For π ∈ E(G), there is a unique cuspidal pair (L, δ) up to GF -conjugacy such that
〈π, IGL (δ)〉GF 6= 0
Thus we get a partition of E(G) into series parametrized by GF -conjugacy classes of cuspidal
pairs (L, δ). The Harish-Chandra series of (L, δ) is the set of irreducible representation of GF
appearing in IGL (δ). We focus on classical groups, and let L be an F -stable standard Levi subgroup
of Gn := Sp2n, O
±
2n or O2n+1. Then L
F has a standard form
LF = GLn1(Fq)×GLn2(Fq)× · · · ×GLnr(Fq)×G
F
m
where Gm = Sp2m, O
±
2m or O2m+1, and n1 + · · ·+ nr +m = n. For a cuspidal pair (L, δ), one has
δ = ρ1 ⊗ · · · ⊗ ρr ⊗ σ
where ρi and σ are cuspidal representations of GLni(Fq) and G
F
m, respectively.
By induction in stages, for any irreducible component π of IGL (δ), there exists ρ ∈ E(GLn−m)
such that π ⊂ IGGLn−m×Gm(ρ⊗ σ). Let
E(Gn, σ) = {π ∈ E(Gn)|〈π, I
G
GLn−m×Gm(ρ⊗ σ)〉GF 6= 0 for some ρ ∈ E(GLn−m)}.
Then we have a disjoint union
E(Gn) =
⋃
σ
E(Gn, σ),
where σ runs over all irreducible cuspidal representations of GFm, m = 0, 1, · · · , n.
3. Deligne-Lusztig characters and Lusztig correspondence
Let G be a connected reductive algebraic group over Fq. In [DL], P. Deligne and G. Lusztig
defined a virtual character RGT,θ of G
F , associated to an F -stable maximal torus T of G and a
character θ of TF . We review some standard facts on these characters and Lusztig correspondence
(cf. [C, Chapter 7, 12]), which will be used in this paper. In the last part of this section, we
compute the the multiplicity (1.1) for regular characters by Reeder’s formula in [R].
3.1. Centralizer of a semisimple element. Let H be a symplectic group or orthogonal group.
Let s be a semisimple element in the connected component of H. Let CH(Fq)(s) be the centralizer
in H(Fq) of a semisimple element s ∈ H0(Fq). In [AMR, subsection 1.B], A.-M. Aubert, J. Michel
and R. Rouquier described CH(Fq)(s) as follows. Let T (Fq)
∼= F
×
q × · · · × F
×
q be a rational maximal
torus of H(Fq), and let s = (λ1, · · · , λl) ∈ T (Fq). Let νλ(s) := #{i|λi = λ}, and let 〈λ〉 denote the
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set of all roots in Fq of the irreducible polynomial of λ over Fq. The group CH(Fq)(s) has a natural
decomposition with the eigenvalues of s:
CH(Fq)(s) =
∏
〈λ〉⊂{λ1,··· ,λl}
H[λ](s)(Fq)
where H[λ](s)(Fq) is a reductive quasi-simple group of rank equal to |〈λ〉|νλ(s).
3.2. Modified Lusztig correspondence for symplectic groups and orthogonal groups.
Let G∗ be the dual group of G. We still denote the Frobenius endomorphism of G∗ by F . Then
there is a natural bijection between the set of GF -conjugacy classes of (T, θ) and the set of G∗F -
conjugacy classes of (T ∗, s) where T ∗ is a F -stable maximal torus in G∗ and s ∈ T ∗F . We will also
denote RGT,θ by R
G
T ∗,s if (T, θ) corresponds to (T
∗, s). For a semisimple element s ∈ G∗F , define
E(GF , s) = {χ ∈ E(GF ) : 〈χ,RGT ∗,s〉 6= 0 for some T
∗ containing s}.
The set E(GF , s) is called the Lusztig series. We can thus define a partition of E(GF ) by Lusztig
series i.e.,
E(GF ) =
∐
(s)
E(GF , s).
Proposition 3.1 (Lusztig). There is a bijection
Ls : E(G
F , s)→ E(CG∗F (s), 1),
extended by linearity to a map between virtual characters satisfying that
Ls(εGR
G
T ∗,s) = εCG∗F (s)R
C
G∗F
(s)
T ∗,1 .
Moreover, we have
dim(π) =
|G|p′
|CG∗(s)|p′
dim(Ls(π))
where |G|p′ denotes greatest factor of |G| not divided by p, and εG := (−1)
r where r is the Fq-rank
of G. In particular, Lusztig correspondence send cuspidal representation to cuspidal representation.
Note that the correspondence Ls is usually not uniquely determined. We now give the explicit
results of (modified) Lusztig correspondence for symplectic groups and orthogonal groups (c.f. [P4,
section 6, 7] for details). Our notation is slightly different from that of [P4]: the group G(2)(s)
always associates with eigenvalue 1.
(1) Suppose that G is a symplectic group. Then G∗ is a special odd orthogonal group. We define
• G(1)(s) =
∏
〈λ〉⊂{λ1,··· ,λl},λ6=±1
G∗[λ](s)
F ;
• G(2)(s) = (G∗[1](s))
∗F , the dual group of G∗[1](s)
F ;
• G(3)(s) = G∗[−1](s)
F .
Then we have
CG∗F (s)
∼= G(1)(s)× (G(2)(s))∗ ×G(3)(s),
and the modified Lusztig correspondence:
L′s : E(G, s)→ E(G
(1)(s), 1) × E(G(2)(s), 1) × E(G(3)(s), 1)
where G(1)(s) is a product of finite general linear groups and finite unitary groups, G(2)(s) is a
finite symplectic group of rank equal to ν1(s) and G
(3)(s) is a finite even orthogonal group of rank
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equal to ν−1(s). So we can write L
′
s(π) = π
(1) ⊗ π(2) ⊗ π(3). Let {πi} denote the image of L
′−1
s of
the set
(3.1) {π(1) ⊗ π(2) ⊗ π(3), π(1) ⊗ π(2) ⊗ (sgn · π(3))}.
(2) Assume that G is a odd orthogonal group. Then G∗ is the product of a symplectic group
and {±1}. We define
• G(1)(s) =
∏
〈λ〉⊂{λ1,··· ,λl},λ6=±1
G∗[λ](s)
F ;
• G(2)(s) = G∗[1](s)
F ;
• G(3)(s) = G∗[−1](s)
F .
Now
CG∗F (s)
∼= G(1)(s)×G(2)(s)×G(3)(s)× {±1},
and the Lusztig correspondence:
Ls : E(G, s)→ E(G
(1)(s), 1) × E(G(2)(s), 1) × E(G(3)(s), 1) × {±}
where G(2)(s) = Sp2ν1(s)(Fq) and G
(3)(s) = Sp2ν−1(s)(Fq). Here, by abuse of notation, we denote
characters of {±1} by {±} instead of {1, sgn}.
(3) Assume that G is an even orthogonal group. Suppose that GF ∼= Oǫ02n(Fq). We define
• G(1)(s) =
∏
〈λ〉⊂{λ1,··· ,λl},λ6=±1
G∗[λ](s)
F ;
• G(2)(s) = G∗[1](s)
F ;
• G(3)(s) = G∗[−1](s)
F .
Now
CG∗F (s)
∼= G(1)(s)×G(2)(s)×G(3)(s),
where G(2)(s) ∼= Oǫ2ν1(s)(Fq) and G
(3)(s) ∼= Oǫ
′
2ν−1(s)
(Fq) such that ǫ · ǫ′ = ǫ−1 · ǫ0. Let {πi} denote
the image of L−1s of the set
(3.2)
{π(1)⊗π(2)⊗π(3), π(1)⊗π(2)⊗(sgn⊗π(3)), π(1)⊗(sgn⊗π(2))⊗π(3), π(1)⊗(sgn⊗π(2))⊗(sgn⊗π(3))}.
By abuse of notation, we write L′s = Ls if G is an orthogonal group, and call it modified Lusztig
correspondence.
3.3. Regular characters. Let T be an F -stable maximal torus ofG andWG(T ) be the weyl group.
An F -stable maximal torus T is said to be minisotropic if T is not contained in any F -stable proper
parabolic subgroup of G. Then a representation π of GF is cuspidal if and only if
〈π,RGT,θ〉GF = 0
whenever T is not minisotropic, for any character θ of TF (see [S1, Theorem 6.25]). Note that if
GF = GLn(Fq), then T is said to be minisotropic when TF ∼= GL1(Fqn).
Assume that θ ∈ T̂F , θ′ ∈ T̂ ′F where T , T ′ are F -stable maximal tori. The pairs (T, θ), (T ′, θ′)
are said to be geometrically conjugate if for some n ≥ 1, there exists x ∈ GF
n
such that
xTF
n
= T ′F
n
and x(θ ◦NTn ) = θ
′ ◦NT
′
n
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where NTn : T
Fn → TF is the norm map. By [C, p. 378], for any geometrically conjugate class
κ, there is a unique regular character πregκ appearing in RGT,θ for some (T, θ) ∈ κ; and any regular
character appears in exactly one geometric conjugacy class. Moreover
(3.3) πregκ =
∑
(T,θ)∈κ mod GF
εGεTR
G
T,θ
〈RGT,θ, R
G
T,θ〉GF
.
The above equation implies that πregκ appears in RGT,θ for every pair (T, θ) ∈ κ. Thus π
reg
κ is cuspidal
if and only if T is minisotropic and θ is regular for every pair (T, θ) ∈ κ. Here θ regular means that
xθ = θ, x ∈WG(T )
F if and only if x = 1.
In particular, if τ is an irreducible cuspidal representation of GLn(Fq), then there is a pair (T, θ)
with T an F -stable minisotropic maximal torus and θ regular such that τ = ±RGT,θ.
Proposition 3.2. Let s and s′ be two semisimple elements of SOǫn(Fq)
∗ and SOǫ
′
n−1(Fq)
∗, respec-
tively. Assume that s and s′ have no common eigenvalues and ±1 are not eigenvalues of s and s′.
Let τ1 ∈ E(SO
ǫ
n, s) and, τ2 ∈ E(SO
ǫ′
n−1, s
′). Then
〈τ1, τ2〉SOǫ′n−1(Fq)
=
{
1, if both τ1 and τ2 are regular;
0, otherwise.
Proof. By [R, (9.1)], for any F -stable maximal torus s ∈ T ⊂ SOǫn and s
′ ∈ S ⊂ SOǫ
′
n−1, we have
(3.4) 〈R
SOǫn
T,s , R
SOǫ
′
n−1
S,s′ 〉SOǫ′n−1(Fq)
= εSOǫnεT εSOǫ′n−1
εS .
Since ±1 are not eigenvalues of s and s′, both C(SOǫn)∗F (s) and C(SOǫ′n−1)∗F
(s′) are a product of
general linear groups and unitary groups, which implies that τ1 and τ2 are uniform, i.e. τ1 and τ2
are linear combination of the Deligne-Lusztig characters. Suppose that
τ1 =
∑
(T,s)∈κ mod SOǫn(Fq)
CTR
SOǫn
T,s
and
τ2 =
∑
(S,s′)∈κ′ mod SOǫ
′
n−1(Fq)
CSR
SOǫ
′
n−1
S,s′
where κ and κ′ are geometrically conjugate classes, and CT and CS ∈ Z. Then by (3.4), we have
〈τ1, R
SOǫ
′
n−1
S,s′ 〉SOǫ′n−1(Fq)
=
∑
(T,s)∈κ mod SOǫn(Fq)
CT 〈R
SOǫn
T,s , R
SOǫ
′
n−1
S,s′ 〉SOǫ′n−1(Fq)
=
∑
(T,s)∈κ mod SOǫn(Fq)
εSOǫnεT εSOǫ′n−1
εSCT
=ε
SOǫ
′
n−1
εS
∑
(T,s)∈κ mod SOǫn(Fq)
εSOǫnεTCT
=ε
SOǫ
′
n−1
εS
∑
(T,s)∈κ mod SOǫn(Fq)
εSOǫnεTCT 〈R
SOǫn
T,s , R
SOǫn
T,s 〉SOǫn(Fq)
〈R
SOǫn
T,s , R
SOǫn
T,s 〉SOǫn(Fq)
By [C, Theorem 7.3.4], for two pairs (T, s) and (T ′, s) ∈ κ, if (T, s) 6= (T ′, s) mod SOǫn(Fq), then
we have
〈R
SOǫn
T,s , R
SOǫn
T ′,s 〉SOǫn(Fq) = 0.
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So by (3.3),
ε
SOǫ
′
n−1
εS
∑
(T,s)∈κ mod SOǫn(Fq)
εSOǫnεTCT 〈R
SOǫn
T,s , R
SOǫn
T,s 〉SOǫn(Fq)
〈R
SOǫn
T,s , R
SOǫn
T,s 〉SOǫn(Fq)
=ε
SOǫ
′
n−1
εS
〈 ∑
(T,s)∈κ mod SOǫn(Fq)
εSOǫnεTR
SOǫn
T,s
〈R
SOǫn
T,s , R
SOǫn
T,s 〉SOǫn(Fq)
,
∑
(T ′,s)∈κ mod SOǫn(Fq)
CT ′R
SOǫn
T ′,s
〉
SOǫn(Fq)
=ε
SOǫ
′
n−1
εS〈π
reg
κ , τ1〉SOǫn(Fq)
=
{
ε
SOǫ
′
n−1
εS , if τ1 = π
reg
κ ;
0, otherwise,
which implies that 〈τ1, τ2〉SOǫ′n−1(Fq)
= 0, if τ1 6= π
reg
κ .
Suppose τ1 = π
reg
κ . With same argument, we have
〈τ1, τ2〉SOǫ′n−1(Fq)
=
∑
(S,s′)∈κ′ mod SOǫ
′
n−1(Fq)
CS〈τ1, R
SOǫ
′
n−1
S,s′ 〉SOǫ′n−1(Fq)
=
∑
(S,s′)∈κ′ mod SOǫ
′
n−1(Fq)
ε
SOǫ
′
n−1
εSCS
=〈πregκ′ , τ2〉SOǫ′n−1(Fq)
=
{
1, if τ2 = π
reg
κ′ ;
0, otherwise.

4. Classification of quadratic unipotent representations
In the this section, we first review some results on the classification of the irreducible unipotent
representations of symplectic groups and orthogonal groups by Lusztig in [L1, L2, L3]. Then we
give a parametrization of irreducible representations.
4.1. Symbols. We follow the notation of [P3]. The notation is slightly different from that of [L1].
A symbol is an array of the form
Λ =
(
A
B
)
=
(
a1, a2, · · · , am1
b1, b2, · · · , bm2
)
of two finite subsets A, B (possibly empty) with ai, bi ≥ 0, ai > ai+1 and bi > bi+1.
The rank and defect of a symbol Λ are defined by
rank(Λ) =
∑
ai∈A
ai +
∑
bi∈B
bi −
⌊(
|A|+ |B| − 1
2
)2⌋
,
def(Λ) = |A| − |B|
where |X| denotes the cardinality of a finite set X. Note that the definition of def(Λ) differs from
that of [L1] p.133.
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For a symbol Λ =
(
A
B
)
, let Λ∗ (resp. Λ∗) denote the first row (resp. second row) of Λ, i.e.
Λ∗ = A and Λ∗ = B. For a symbol Λ =
(
A
B
)
, let Λt =
(
B
A
)
.
Define an equivalence relation generated by the rule(
a1, a2, · · · , am1
b1, b2, · · · , bm2
)
=
(
a1 + 1, a2 + 1, · · · , am1 + 1, 0
b1 + 1, b2 + 1, · · · , bm2 + 1, 0
)
.
Note that the defect and rank are functions on the set of equivalence classes of symbols.
4.2. Bi-partitions. Let λ = [λ1, λ2, · · · , λk] be a partition. We always assume that λi ≥ λi+1. We
denote by tλ the transpose of λ. For two partitions λ = [λ1, λ2, · · · , λk] and µ = [µ1, µ2, · · · , µl],
we denote
λ 4 µ if µi − 1 ≤ λi ≤ µi for each i.
Let P2(n) =
[
λ
µ
]
denote the set of bi-partitions of n where λ, µ are partitions and |λ|+ |µ| = n.
To each symbol we can associate a bi-partition as follows:
Υ : Λ =
(
a1, a2, · · · , am1
b1, b2, · · · , bm2
)
→
[
a1 − (m1 − 1), a2 − (m1 − 2), · · · , am1−1 − 1, am1
b1 − (m2 − 1), b2 − (m2 − 1), · · · , bm2−1 − 1, bm2
]
=
[
λ
µ
]
.
We write Υ(Λ)∗ = λ and Υ(Λ)∗ = µ. Then we have a bijection
Υ : Sn,β →
{
P2(n− (
β+1
2 )(
β−1
2 )), if β is odd,
P2(n− (
β
2 )
2), if β is even.
where Sn,β denotes the set of symbols of rank n and defect β.
4.3. Classification of unipotent representations. Now we recall the correspondence on irre-
ducible unipotent representations of symplectic groups and orthogonal groups. If π ∈ E(G, I), we
say that π is a unipotent representation. Lusztig gives a bijection between the unipotent represen-
tations of these groups to equivalence classes of symbols as follow:
E(Sp2n, 1)
E(O2n+1, 1)
E(O+2n, 1)
E(O−2n, 1)
−→

Sn :=
{
Λ|rank(Λ) = n,def(Λ) = 1 (mod 4)
}
;
Sn × {±};
S+n :=
{
Λ|rank(Λ) = n,def(Λ) = 0 (mod 4)
}
;
S−n :=
{
Λ|rank(Λ) = n,def(Λ) = 2 (mod 4)
}
;
If G is an even (resp. odd) orthogonal group, it is known that πΛt = sgn·πΛ (resp. πΛ,ǫ = sgn·πΛ,−ǫ)
where πΛ (resp. πΛ,ǫ) means the irreducible representation parametrized by Λ (resp. (Λ, ǫ)) and
sgn denotes the sign character. Here we distinguish πΛ,± by decreeing that πΛ,±(−1) = ±Id.
4.4. Classification of quadratic unipotent representations.
Definition 4.1. (i) If G is orthogonal group and π ∈ E(G,−I), we say that π is a θ-epresentation.
For GF = Sp2n(Fq) we have G
∗F = SO2n+1(Fq). Let s = (−I, 1) with I being the identity in
SOǫ2n(Fq) ∈ SO2n+1(Fq). We say that π is a θ-epresentation if π ∈ E(G, s).
(ii) If π ∈ E(G, s) where s satisfies s2 = I, we say that π is a quadratic unipotent representation.
Let
Quad(G) := {π ∈ E(G)|π is quadratic unipotent}.
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By the work of Lusztig [L1] and Waldspurger [W1], we have a parametrization of the quadratic
unipotent representations by a pair of symbols which generalizes that of the unipotent represen-
tations given above. We will give a parametrization of quadratic unipotent representations via
(modified) Lusztig correspondence, which is slightly different from that in [W1]. We think this
definition here will be more convenient to use the results in [P3, P4].
By the (modified) Lusztig correspondence, there is a bijection between Quad(G) and
⋃
s E(CG∗F (s), 1)
where s satisfies s2 = 1. More explicitly, we have bijection between the quadratic unipotent repre-
sentations of these groups to equivalence classes of symbols as follow:
Quad(Sp2n) −→
⋃
n1+n2=n
E(Sp2n1+1, 1)× E(O
±
2n2
, 1);
Quad(O2n+1) −→
⋃
n1+n2=n
E(Sp2n1 , 1) × E(Sp2n2 , 1) × {±};
Quad(O2n) −→
⋃
n1+n2=n
E(O±2n1 , 1) × E(O
±
2n2
, 1);
where
Quad(O2n) = Quad(O
+
2n)
⋃
Quad(O−2n).
Based on above bijection and Lusztig’s classification of unipotent representations, we obtained in
loc. cit. the following classification of quadratic unipotent representations:
Quad(Sp2n) −→
⋃
n1+n2=n
Sn1 × S
±
n2
;
Quad(O2n+1) −→
⋃
n1+n2=n
Sn1 × Sn2 × {±};
Quad(O2n) −→
⋃
n1+n2=n
S±n1 × S
±
n2
.
Recall that the (modified) Lusztig correspondence is not uniquely determined. The parametriza-
tion of quadratic unipotent representations depends on the choice of the (modified) Lusztig corre-
spondence. Let
L′G : E(G)→
{
E(G(1)(s), 1)⊗ E(G(2)(s), 1) ⊗ E(G(3)(s), 1) ⊗ {±}, if G is an orthogonal group;
E(G(1)(s), 1)⊗ E(G(2)(s), 1) ⊗ E(G(3)(s), 1), otherwise
such that for π ∈ E(G, s), we have
L′G(π) = L
′
s(π).
We call L′G the modified Lusztig correspondence for G. For a fixed L
′
G, let πΛ,Λ′ (resp. πΛ,Λ′,ǫ)
denote the irreducible quadratic unipotent representation parametrized by the pair of symbols
(Λ,Λ′) (resp. (Λ,Λ′, ǫ)) via L′G.
Note that πΛ,− (resp. πΛ,−,ǫ) is a unipotent representation of symplectic group or even orthogonal
group (resp. odd orthogonal group) and πΛ,− = πΛ (resp. πΛ,−,ǫ = πΛ,ǫ ) where we write blank
by −. On the other hand, π−,Λ (resp. π−,Λ,ǫ) is a θ-epresentation of symplectic group or even
orthogonal group (resp. odd orthogonal group). And we have
L′s : πΛ,Λ′ (resp. πΛ,Λ′,ǫ)→ πΛ ⊗ πΛ′ (resp. πΛ ⊗ πΛ′ ⊗ ǫ).
The following information may be read off of [W1, section 4] and [P3, section 11].
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Proposition 4.2. Let Gn be Sp2n(Fq), O
±
2n(Fq) or O2n+1(Fq). For every Gn, there exists a modified
Lusztig correspondence L′Gn such that the following hold. Let πΛ,Λ′ (resp. πΛ,Λ′,ǫ) be a cuspidal
quadratic unipotent representation of Gn.
(i) Let Gn = Sp2n(Fq) and Gm = Sp2m(Fq) with m > n. Let πΛ,Λ′ be a cuspidal quadratic
unipotent representation of Gn, and let πΛ1,Λ′1 ∈ Quad(Gm). If πΛ1,Λ′1 ∈ E(Gm, πΛ,Λ′), then
• πΛ1,Λ′t1 ∈ E(Gm, πΛ,Λ′t);
• πcΛ1,Λ′1
:= πΛ1,Λ′1(hgh
−1) = πΛ1,Λ′t1 where g ∈ Gn and h ∈ CSp
±
2n(Fq) with ζ ◦ λ(h) = −1.
(Here πcΛ1,Λ′1
, ζ and λ are defined in [W1].)
• πΛ,Λ′(−I) = πΛ,Λ′t(−I).
(ii) Let Gn = O
ǫ
2n(Fq) and Gm = O
ǫ
2m(Fq) with m > n. Let πΛ,Λ′ be a cuspidal quadratic
unipotent representation of Gn, and let πΛ1,Λ′1 ∈ Quad(Gm). If πΛ1,Λ′1 ∈ E(Gm, πΛ,Λ′), then
• χ⊗ πΛ1,Λ′1 = πΛ′1,Λ1 ∈ E(Gm, πΛ′,Λ), where χ is the character sp defined in [W1, p10];
• πΛ1,Λ′t1 ∈ E(Gm, πΛ,Λ′t);
• πΛt1,Λ′1 ∈ E(Gm, πΛt,Λ′);
• sgn⊗ πΛ1,Λ′1 = πΛt1,Λ′t1 ∈ E(Gm, πΛt,Λ′t)
• πcΛ1,Λ′1
:= πΛ1,Λ′1(hgh
−1) = πΛ1,Λ′t1 where g ∈ G and h ∈ CO
±
2n(Fq) with ζ ◦λ(h) = −1 (Here
πcΛ1,Λ′1
, ζ and λ are defined in [W1]).
(iii) Let Gn = O2n+1(Fq) and Gm = O2m+1(Fq) with m > n. Let πΛ,Λ′ be a cuspidal quadratic
unipotent representation of Gn, and let πΛ1,Λ′1 ∈ Quad(Gm). If πΛ1,Λ′1,ǫ′ ∈ E(H,πΛ,Λ′,ǫ), then
• ǫ′ = ǫ.
• χ⊗ πΛ1,Λ′1,ǫ = πΛ′1,Λ1,ǫ ∈ E(Gm, πΛ′,Λ,ǫ), where χ is the character sp defined in [W1, p10];
• πΛ1,Λ′t1 ,ǫ ∈ E(Gm, πΛ,Λ′t,ǫ);
• sgn⊗ πΛ1,Λ′1,ǫ = ⊗πΛ1,Λ′1,−ǫ ∈ E(Gm, πΛ,Λ′,−ǫ).
(iv) In each case, the defects of (Λ,Λ′) are preserved by parabolic induction. In other words,
def(Λ1) = def(Λ) and def(Λ
′
1) = def(Λ
′).
More generally, we have a parametrization of irreducible representations via the above choice of
modified Lusztig correspondences as follows. Let π be an irreducible representation of Sp2n(Fq),
Oǫ2n(Fq) or O
ǫ
2n+1(Fq). Suppose that
L′G(π) = π
(1) ⊗ π(2) ⊗ π(3) = ρ⊗ πΛ ⊗ πΛ′ , (resp. ρ⊗ πΛ ⊗ πΛ′ ⊗ ǫ
′)
where L′G is the modified Lusztig correspondence. Then we denote π by πρ,Λ,Λ′ (resp. πρ,Λ,Λ′,ǫ). If
G(1)(s) is trivial, then πρ,Λ,Λ′ = π−,Λ,Λ′ = πΛ,Λ′ .
It is easily seen that there exists a modified Lusztig correspondence L′Gn satisfying similar condi-
tions in Proposition 4.2. To be more explicitly, let πρ,Λ,Λ′ ∈ E(Gn) be an irreducible representation,
and let πρ1Λ1,Λ′1 ∈ E(Gm, πρ,Λ,Λ′). We can substitute πρ,Λ,Λ′, πρ,Λ,Λ′t for πΛ,Λ′, πΛ,Λ′t in Proposition
4.2 and similar argument applies for other representations by the obvious way.
From now on, we fix a choice of modified Lusztig correspondences L′Gn satisfying the conditions in
our discussion above. Thus we fix a parametrization for irreducible representations, and in partic-
ular, for quadratic unipotent representations. In what follows, we denote by πρ,Λ,Λ′ (resp. πρ,Λ,Λ′,ǫ)
the irreducible representation corresponding (ρ,Λ,Λ′) (resp. (ρ,Λ,Λ′, ǫ)) in this parametrization,
and denote it briefly by πΛ,Λ′ (resp. πΛ,Λ′,ǫ) for quadratic unipotent representations.
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5. Howe correspondence of unipotent representations for finite symplectic
groups and finite orthogonal groups
In this section we review the Howe correspondence of irreducible representations for finite sym-
plectic groups and finite orthogonal groups. We first recall the Howe correspondence for symplectic
groups and even orthogonal groups. Then we deduce the (Sp2n,O2n′+1) case from the (Sp2n,O
ǫ
2n′)
case by the modified Lusztig correspondence.
5.1. Notations. Let ωSp2N be the Weil representation or its character (cf. [Ger]) of the finite
symplectic group Sp2N (Fq), which depends on the choice of a nontrivial additive character ψ of
Fq. For the dual pair (Sp2n,O
ǫ
2n′) where ǫ = ±, we write ω
ǫ
n,n′ for the restriction of ωSp2N to
Sp2n(Fq) × O
ǫ
2n′(Fq). Similar notation applies for (Sp2n,O
ǫ
2n′+1). When the context of dual pairs
is clear, abbreviate by Θǫn,n′ the theta lifting from Gn to G
′
n′ . For an irreducible representation π
of Gn, the smallest integer n
ǫ(π) such that π occurs in ωǫ
n,nǫ(π) is called the first occurrence index
of π in the Witt tower {G′n}.
Recall the convention that O+2n (resp. O
−
2n) denotes the isometry group of the split (resp. non-
split) form of dimension 2n. For odd orthogonal groups, one has O+2n+1
∼= O−2n+1 as abstract groups;
however they act on two quadratic spaces with different discriminants. We write Sp, O±even and
O±odd for the Witt tower {Sp2n}n≥0, {O
±
2n}n≥0 and {O
±
2n+1}n≥0.
5.2. Pan’s result. In [AMR] conjecture 3.11, Aubert, Michel and Rouquier give a explicit descrip-
tion of the theta correspondence of unipotent representations for a dual pair (Sp2n,O
ǫ
2n′). In [P3],
Pan proves their conjecture.
Let
B+n,n′ :=
{
(Λ,Λ′)|t(Υ(Λ′)∗) 4
t(Υ(Λ)∗), t(Υ(Λ)∗) 4
t(Υ(Λ′)∗),def(Λ′) = −def(Λ) + 1
}
;
B−n,n′ :=
{
(Λ,Λ′)|t(Υ(Λ′)∗) 4 t(Υ(Λ)∗),
t(Υ(Λ)∗) 4 t(Υ(Λ′)∗),def(Λ
′) = −def(Λ)− 1
}
be two subsets of Sn × S
+
n′ and Sn × S
−
n′ , respectively.
Theorem 5.1. Let πΛ ∈ E(Sp2n, 1) and πΛ′ ∈ E(O
ǫ
2n′ , 1). Then πΛ ⊗ πΛ′ occurs in ω
ǫ
n,n′ if and
only if (Λ,Λ′) ∈ Bǫn,n′.
Recall that
L′s : E(G, s)→
{
E(G(1)(s), 1) × E(G(2)(s), 1)× E(G(3)(s), 1)× {±} if G is odd orthogonal;
E(G(1)(s), 1) × E(G(2)(s), 1)× E(G(3)(s), 1) otherwise.
Theorem 5.2 (Pan). Let (G,G′) = (Sp2n,O
ǫ
2n′), and let π ∈ E(G, s) and π
′ ∈ E(G′, s′) for
some semisimple elements s ∈ G∗ and s′ ∈ (G′∗)0. Write L′s(π) = π
(1) ⊗ π(2) ⊗ π(3) and and
Ls′(π
′) = π′(1)⊗π′(2)⊗π′(3), and let {π′i} be defined in (3.2). Suppose that q is large enough so that
the main result in [S2] holds. Then π ⊗ π′i (for some i) occurs in ω
ǫ
n,n′ if and only if the following
conditions hold:
• G(1)(s) ∼= G′(1)(s), π(1) ∼= π′(1);
• either π(3) ⊗ π′(2) or π(3) ⊗ (sgn · π′(2)) occurs in ωG(2)(s),G′(2)(s);
• G(2)(s) ∼= G′(2)(s), π(2) is equal to π′(3) or sgn · π′(3).
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That is, the following diagram:
π
L′s L
′
s′
Θ
π(1) ⊗ π(2) ⊗ π(3)
π′i
π′(1) ⊗ π′(2) ⊗ π′(3)
id⊗Θ⊗ id❄ ❄
✲
✲
commutes up to a twist of the sgn character.
Theorem 5.3 (Pan). Let (G,G′) = (Sp2n,O
ǫ
2n′+1), and let π ∈ E(G, s) and π
′ ∈ E(G′, s′) for
some semisimple elements s ∈ G∗ and s′ ∈ (G′∗)0. Write L′s(π) = π
(1) ⊗ π(2) ⊗ π(3) and and
L′s′(π
′) = π′(1) ⊗ π′(2) ⊗ π′(3) ⊗ ǫ′, and let {πi} be defined as in (3.1). Then πi ⊗ π
′ occurs in ωǫn,n′
for some i if and only if the following conditions hold:
• G(1)(s) ∼= G′(1)(s), π(1) ∼= π′(1);
• G(2)(s) ∼= G′(3)(s), π(2) ∼= π′(3);
• either π(3) ⊗ π′(2) or (sgn · π(3))⊗ π′(2) occurs in ωG(3)(s),G′(2)(s).
That is, the following diagram:
πi
L′s ι ◦ L
′
s′
Θ
π(1) ⊗ π(2) ⊗ π(3)
π′
π′(1) ⊗ π′(3) ⊗ π′(2)
id⊗ id⊗Θ❄ ❄
✲
✲
commutes up to a twist of the sgn character where ι(π′(1) ⊗ π′(2) ⊗ π′(3) ⊗ ǫ′) = π′(1) ⊗ π′(3) ⊗ π′(2).
Remark 5.4. In [P4], above two Theorems hold for any modified Lusztig correspondences, which
implies that any two different choices of modified Lusztig correspondences are equal up to sgn.
Therefore, the description of general Howe correspondence for dual pair of a symplectic group
and an orthogonal group is now completely characterized up to sgn. We remark that if π ⊗ π′
occurs in ωǫn,n′, then π(−I) = π
′(−I) (see [LW1, Proposition 3.1 (i)]). So, keep the assumptions in
Theorem 5.3, the sgn of π′ is uniquely determined.
5.3. Theta lifting and parabolic induction. We now shows that theta lifting and parabolic
induction are compatible.
Lemma 5.5. (i) Let π be an irreducible representation of Sp2n(Fq). Let m < n, and let σ be an
irreducible cuspidal representation of Sp2m(Fq). Let {πi} be defined as in (3.1). Then there is at
most one of πi appearing in E(Sp2n, σ).
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(ii) Let π be an irreducible representation of Oǫ2n(Fq). Let m < n, and let σ be an irreducible
cuspidal representation of Oǫ2m(Fq). Let {πi} be defined as in (3.2). Then there is at most one of
πi appearing in E(O
ǫ
2n, σ).
(iii) Let π be an irreducible representation of Oǫ2n+1(Fq). Let m < n, and let σ be an irreducible
cuspidal representation of Oǫ2m+1(Fq). Assume that π ∈ E(O
ǫ
2n+1, σ). Then sgn · π /∈ E(O
ǫ
2n+1, σ).
Proof. It follows immediately from Proposition 4.2. 
In [LW3], we know the Howe correspondence of representations in the Harish-Chandra series
E(G,σ) for a cuspidal representation σ.
Proposition 5.6 (Proposition 5.8 in [LW3]). Let (Gm, G
′
m′) be a dual pair in the Witt tower
(Sp,Oǫeven) or (Sp,O
ǫ
odd). Assume that π ∈ E(Gm, σ), where σ is an irreducible cuspidal repre-
sentation of GFn , n ≤ m, n ≡ m mod 2. Let n
′ = nǫ(σ) be its first occurrence index, so that
σ′ := Θǫn,n′(σ) is an irreducible cuspidal representation of G
′F
n′ . Then the following hold.
(i) The irreducible constituents of Θǫm,m′(π) belong to E(G
′
m′ , σ
′),
(ii) If m′ −m ≥ n′ − n, then Θǫm,m′(π) 6= 0.
Corollary 5.7. Let (G,G′) be a dual pair in the Witt tower (Sp,Oǫeven) or (Sp,O
ǫ
odd). Let π ∈
E(Sp2n, σ) and π
′ ∈ E(Oǫ2n′+1, σ
′) (resp. π′ ∈ E(Oǫ2n′ , σ
′)). Let π and π′ satisfying the conditions
in Theorem 5.2 (resp. Theorem 5.3).
(i) Let (G,G′) = (Sp2n,O
ǫ
2n′), and let {π
′
i} be defined as in (3.2). Assume that π
′
i ∈ E(O
ǫ
2n′ , σ
′
i).
Then
• There is exactly one of π ⊗ π′i appearing in ω
ǫ
n,n′;
• π ⊗ π′i appears in ω
ǫ
n,n′ if and only if σ ⊗ σ
′
i appears in ω
ǫ
m,m′ for some m,m
′.
• If πρ,Λ1,Λ′1 ∈ Θ
ǫ
n,n′1
(π) and πρ,Λ2,Λ′2 ∈ Θ
ǫ
n,n′2
(π), then def(Λ1) = def(Λ2) and Λ
′
1 = Λ
′
2.
(ii) Let (G,G′) = (Sp2n,O
ǫ
2n′+1), and let {πi} be defined as in (3.1). Assume that πi ∈ E(Sp2n, σi)
and π′ ∈ E(Oǫ2n′ , σ
′). Then
• There is exactly one of πi ⊗ π
′ appearing in ωǫn,n′;
• πi ⊗ π
′ appears in ωǫn,n′ if and only if σi ⊗ σ
′ appears in ωǫm,m′ for some m,m
′.
• If πρ,Λ1,Λ′1,ǫ1 ∈ Θ
ǫ
n,n′1
(π) and πρ,Λ2,Λ′2,ǫ2 ∈ Θ
ǫ
n,n′2
(π), then def(Λ1) = def(Λ2), ǫ1 = ǫ2 and
Λ′1 = Λ
′
2.
Proof. By Proposition 4.2, for every i 6= j, we have σi 6= σj (resp. σ
′
i 6= σ
′
j). Note that the defects
are preserved by parabolic induction. Then the Corollary follows immediately from Proposition
5.6, Theorem 5.2 and Theorem 5.3. 
The next result shows that the theta lifting and the parabolic induction are compatible.
Proposition 5.8 (Proposition 3.1 in [LW3]). Let Gn and Gn+ℓ be two classical groups in the same
Witt tower, ℓ ≥ 0. Let τ be an irreducible cuspidal representation of GLℓ(Fq), π be an irreducible
representation of Gn(Fq), and π′ := Θn,n′(π). Let χGLℓ be the unique linear character of GLℓ(Fq)
of order 2. Let ρ ⊂ I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π) be an irreducible representation of Gn+ℓ and ρ
′ ⊂ Θn+ℓ,n′+ℓ(ρ)
be an irreducible representation of G′n′+ℓ. Assume that τ is non-selfdual if ℓ = 1. Then we have
ρ′ ⊂ I
G′
n′+ℓ
GLℓ×G
′
n′
((χ⊗ τ)⊗ π′),
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where
χ =
{
χGLℓ , if (Gn+ℓ, G
′
n′+ℓ) contains an odd orthogonal group,
1, otherwise.
In particular, if I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π) is irreducible, then
Θn+ℓ,n′+ℓ(I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π)) = I
G′
n′+ℓ
GLℓ×G
′
n′
((χ⊗ τ)⊗ π′).
Suppose I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π) is not irreducible. We have following result which generalizes above
Proposition.
Proposition 5.9. Let Gn and Gn+ℓ be two classical groups in the same Witt tower of symplectic
groups or orthogonal groups, ℓ ≥ 0. Let π ∈ E(Gn, s) be an irreducible representation of Gn(Fq)
with s ∈ G∗n(Fq), and π
′ := Θn,n′(π). Let χGLℓ be the unique linear character of GLℓ(Fq) of order
2. Let τ ∈ E(GLℓ, s0) be an irreducible cuspidal representation of GLℓ(Fq) with s0 ∈ GLℓ(Fq). Let
I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π) =
⊕
i ρi with ρi irreducible. Assume that s and s0 have no common eigenvalues,
and s0 has no eigenvalues ±1. Then we have⊕
i
Θn+ℓ,n′+ℓ(ρi) = I
G′
n′+ℓ
GLℓ×G
′
n′
((χ⊗ τ)⊗ π′).
where
χ =
{
χGLℓ , if (Gn+ℓ, G
′
n′+ℓ) contains an odd orthogonal group,
1, otherwise.
Hence, by abuse of notations, we write
Θn+ℓ,n′+ℓ(I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π)) = I
G′
n′+ℓ
GLℓ×G
′
n′
((χ⊗ τ)⊗ π′).
Proof. If τ is not self dual, then I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π) is irreducible. Then the proposition follows from
Proposition 5.8.
Suppose that τ is self dual. Let
L′s(ρi) = ρ
(1)
i ⊗ ρ
(2)
i ⊗ ρ
(3)
i .
Since s0 has no eigenvalues ±1, we have ρ
(1)
i 6= ρ
(1)
j for i 6= j. Then by Theorem 5.2 and Theorem
5.3, for any irreducible representation ρ′ of G′n′+ℓ, at most one of ρi ⊗ ρ
′ appears in ωǫn+ℓ,n′+ℓ. In
other words, if ρ′ appears in Θn+ℓ,n′+ℓ(ρi), then we have
〈ωǫn+ℓ,n′+ℓ, ρi ⊗ ρ
′〉 = 〈ωǫn+ℓ,n′+ℓ, I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π)⊗ ρ′〉.
By the proof of Proposition 3.1 in [LW3], we have
〈ωǫn+ℓ,n′+ℓ, I
Gn+ℓ
GLℓ×Gn
(τ ⊗ π)⊗ ρ′〉 = 〈I
Oǫ
2(n′+ℓ)+1
GLℓ×O
ǫ
2n′+1
((χ⊗ τ)⊗ π′), ρ′〉,
which implies ⊕
i
Θn+ℓ,n′+ℓ(ρi) = I
G′
n′+ℓ
GLℓ×G
′
n′
((χ⊗ τ)⊗ π′).

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5.4. Symbol Λ˜. Consider (G,G′) = (O±2n,Sp2n′).
Let πρ,Λ,Λ′ be an irreducible representation of O
ǫ
2n(Fq). Define
def(Θ(ρ,Λ,Λ′,Oǫ)) := {def(Λ1)|πρ,Λ,Λ′ ⊗ πρ,Λ1,Λ′1 ∈ ω
ǫ
n,n′}.
It is well defined by Theorem 5.2 and Corollary 5.7.
Definition 5.10. For πρ,Λ,Λ′, define
Λ˜ ∈ {Λ,Λt}
satisfying
def(Λ˜) =
{
− def(Θ(ρ,Λ,Λ′,Oǫ)) + 1 if ǫ = +;
− def(Θ(ρ,Λ,Λ′,Oǫ))− 1 if ǫ = −.
By Theorem 5.2 and Corollary 5.7, for two triples (ρ,Λ,Λ′) and (ρ,Λt,Λ′), we have Λ˜t = Λ˜t.
Then we have a bijection:
πρ,Λ,Λ′ ←→ (ρ, Λ˜,Λ
′).
Note that Λ˜ depends on (ρ,Λ,Λ′), i.e. for two triples (ρ1,Λ,Λ
′
1) and (ρ2,Λ,Λ
′
2), we may pick
different Λ˜.
Corollary 5.11. (i) If πρ,Λ,Λ′ ⊗ πρ,Λ1,Λ′1 appears in ω
ǫ
n,n′, then (Λ1, Λ˜) ∈ B
ǫΛ
m1,m
where ǫΛ =
(−1)
def(Λ)
2 , m = rank(Λ) and m1 = rank(Λ1). In paritcular, πΛ˜ ⊗ πΛ1 appears in ω
ǫΛ
m,m1
.
(ii) If (ρ,Λ,Λ′) = (−,Λ,−), then Λ˜ = Λ.
Proof. (ii) clearly follows from the definition of Λ˜ and Theorem 5.1. We will only prove (i) for
ǫΛ = +, and the proof for ǫΛ = − is similar.
Suppose that πρ,Λ,Λ′ ∈ E(O
ǫ
2n, s). Recall that
CG∗F (s)
∼= G(1)(s)×G(2)(s)×G(3)(s),
where G(2)(s) ∼= O
ǫΛ
2ν1(s)
(Fq) and G(3)(s) ∼= O
ǫΛ′
2ν−1(s)
(Fq). By Theorem 5.2, either (Λ1,Λ) ∈ B+m1,m
or (Λ1,Λ
t) ∈ B+m1,m. On the other hand, for any Λ
∗ ∈ {Λ,Λt}, (Λ1,Λ
∗) ∈ B+m1,m if and only if
def(Λ′) = −def(Λ∗) + 1. Hence, (i) follows from the definition of Λ˜. 
Now consider (G,G′) = (Sp2n,O
±
2n′+1). In the same manner, by Theorem 5.1 and Theorem 5.3,
we have
Corollary 5.12. Let πρ,Λ,Λ′ ∈ E(Sp2n), and let πρ1,Λ1,Λ′1 ∈ E(O
ǫ
2n′+1). Let ǫΛ′ = (−1)
def(Λ′)
2 . If
πρ,Λ,Λ′ ⊗ πρ1,Λ1,Λ′1 appears in ω
ǫ
m′,m for some m and m
′, then there exist a symbol Λ˜′ ∈ {Λ′,Λ′t}
such that (Λ1, Λ˜′) ∈ B
ǫΛ′
n,n′ where Λ˜
′ depends on ǫ, ρ and Λ.
5.5. See-saw pairs. Recall the general formalism of see-saw dual pairs. Let (G,G′) and (H,H ′)
be two reductive dual pairs in a symplectic group Sp(W ) such that H ⊂ G and G′ ⊂ H ′. Then
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there is a see-saw diagram
G
H
H ′
G′
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
and the associated see-saw identity
〈ΘG′,G(πG′), πH〉H = 〈πG′ ,ΘH,H′(πH)〉G′ ,
where πH and πG′ are representations of H and G
′ respectively.
In this paper, we consider the following two cases. (1) Consider the case that
G ∼= Oǫ2n(Fq), H ∼= O
ǫ′
2n−1(Fq)×O
ǫ′′
1 (Fq), H
′ ∼= Sp2n′(Fq),×Sp2n′(Fq) and G
′ ∼= Sp2n′(Fq),
where ǫ · ǫ−1 = ǫ
′ · ǫ′′ so that H is embedded into G by [LW3] (1.3), and G′ is embedded into H ′
diagonally.
(2) Consider the case that
G ∼= Oǫ2n+1(Fq), H ∼= O
ǫ′
2n(Fq)×O
ǫ′′
1 (Fq), H
′ ∼= Sp2n′(Fq)× Sp2n′(Fq) and G
′ ∼= Sp2n′(Fq),
where ǫ = ǫ′ · ǫ′′. For fixed ǫ, so that H is embedded into G again by [LW3] (1.3).
6. First occurrence index of cuspidal representations
For a dual pair (Gn, G
′
n′) and an irreducible cuspidal representation π of Gn, by [AM, Theorem
2.2] , there is a cuspidal representation appearing in the theta lifting if and only if n′ is the first
occurrence index of π. Moreover, the theta lifting of π is an irreducible cuspidal representation.
6.1. Symbol of unipotent cuspidal representations. In [L1], we know that Sp2n (resp, SO2n+1,
SOǫ2n) has a unique irreducible unipotent cuspidal representation if and only if n = k(k + 1) (resp.
n = k(k + 1), n = k2).
For Sp2k(k+1), the unique unipotent cuspidal representation πΛ is associated to the symbol:
(6.1) Λ =

(
2k, 2k − 1, · · · , 1, 0
−
)
if k is even;(
−
2k, 2k − 1, · · · , 1, 0
)
if k is odd;
of defect(−1)k(2k + 1).
The trivial character of the trivial group O+0 is regarded as unipotent cuspidal and is associated
to the symbol
(
−
−
)
. For Oǫ2k2 with ǫ = (−1)
k, there are two unipotent cuspidal representations πΛ
and sgn · πΛ = πΛt where
Λ =
(
2k − 1, 2k − 2, · · · , 1, 0
−
)
.
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For O2k(k+1), there are two unipotent cuspidal representations πΛ,+ and sgn · πΛ,+ = πΛ,− where
(6.2) Λ =

(
2k, 2k − 1, · · · , 1, 0
−
)
if k is even;(
−
2k, 2k − 1, · · · , 1, 0
)
if k is odd;
6.2. First occurrence index.
Theorem 6.1 ([AM], Theorem 5.2). The theta correspondence for dual pairs (Sp2n,O
ǫ
2n′) takes
unipotent cuspidal representations to unipotent cuspidal representations as follows :
(i) (Sp2k(k+1),O
ǫ
2k2), ǫ = sgn(−1)
k,
Θǫk(k+1),k2 :

πΛ, Λ =
(
2k, · · · , 1, 0
−
)
→ πΛ′ , Λ
′ =
(
−
2k − 1, · · · , 1, 0
)
if k is even;
πΛ, Λ =
(
−
2k, · · · , 1, 0
)
→ πΛ′ , Λ
′ =
(
2k − 1, · · · , 1, 0
−
)
if k is odd.
(ii) (Sp2k(k+1),O
ǫ
2(k+1)2), ǫ = sgn(−1)
k+1,
Θǫk(k+1),(k+1)2 :

πΛ, Λ =
(
2k, · · · , 1, 0
−
)
→ πΛ′ , Λ
′ =
(
−
2k + 1, · · · , 1, 0
)
if k is even;
πΛ, Λ =
(
−
2k, · · · , 1, 0
)
→ πΛ′ , Λ
′ =
(
2k + 1, · · · , 1, 0
−
)
if k is odd.
Let πρ,Λ,Λ′ (resp. πρ,Λ,Λ′,ǫ) be an irreducible representation of Sp2n(Fq), O
±
2n(Fq) or O2n+1(Fq).
Assume that Λ and Λ′ correspond to unipotent cuspidal representations of G(2)(s) and G(3)(s),
respectively. Let
k =

|def(Λ)| − 1
2
if Λ ∈ Sm;
def(Λ)
2
if Λ ∈ S±m
and
h =

|def(Λ′)| − 1
2
if Λ′ ∈ Sm′ ;
def(Λ′)
2
if Λ′ ∈ S±m′ .
For abbreviation, we write πρ,k,h (resp. πρ,k,h,ǫ) instead of πρ,Λ,Λ′ (resp. πρ,Λ,Λ′,ǫ). We emphasize
that πρ,k,h (resp. πρ,k,h,ǫ) is not necessarily cuspidal.
Proposition 6.2. Let πρ,k,h be an irreducible representation of Sp2n(Fq).
(i) Let nǫ be the first occurrence index of πρ,k,h in the Witt tower O
ǫ
even. Then either{
n+ = n− k;
n− = n+ k + 1
or
{
n+ = n+ k + 1;
n− = n− k.
Moreover, if nǫ = n− k, then Θǫn,nǫ(πρ,k,h) = πρ,k1,h1 is irreducible with k1 ∈ {±k} and h1 ∈ {±h},
and Θǫnǫ,n(πρ,k1,h1) = πρ,k,h. The first occurrence index of πρ,k,−h in the Witt tower O
ǫ
even is also
nǫ, and Θǫn,nǫ(πρ,k,−h) 6= πρ,k1,h1.
ON THE GAN-GROSS-PRASAD PROBLEM FOR FINITE CLASSICAL GROUPS 25
(ii) Let n1 be the first occurrence index of πρ,k,h in the Witt tower O
ǫ
odd. Then either{
n+ = n− h;
n− = n+ h
or
{
n+ = n+ h;
n− = n− h.
Moreover, if nǫ = n−|h|, then Θǫn,nǫ(πρ,k,h) = πρ,k1,h1,ǫ′ is irreducible with k1 = |h|− 1 and h1 = k,
and Θǫnǫ,n(πρ,k1,h1,ǫ′) = πρ,k,h. The first occurrence index of πρ,k,−h in the Witt tower O
ǫ
odd is n+|h|.
Proof. Assume that πρ,k,h is cuspidal. The first part of (i) and (ii) follows immediately from
Theorem 5.2, Theorem 5.3, Corollary 5.7 and Theorem 6.1.
We now turn to consider the first occurrence index of πρ,k,−h in (i). Suppose that πρ,k,±h ∈
E(Sp2n, s). Recall that
C(Sp2n)∗F (s)
∼= G(1)(s)× (G(2)(s))∗ ×G(3)(s),
where G(2)(s) ∼= Sp2k(k+1)(Fq) and G
(3)(s) ∼= O
(−1)h
2h2
(Fq). Suppose that πǫ0 ∈ E(Oǫ2m, s
′) appears
in Θǫn,m(πρ,k,ǫ0·h). Write
C(Oǫ2m)∗F
(s′) ∼= G(1)(s)′ ×G(2)(s)′ ×G(3)(s)′,
where G(2)(s)′ ∼= O
ǫ′0
2m′(Fq) and G
(3)(s)′ ∼= O
ǫ′′0
2m′′(Fq) such that ǫ
′
0 · ǫ
′′
0 = ǫ−1 · ǫ. By Theorem 5.2,
we have G(3)(s)′ ∼= G(3)(s), which implies ǫ′′0 = (−1)
h. So ǫ′o = ǫ−1 · ǫ · (−1)
h, i.e. ǫ′0 and ǫ
′′
0 do not
depend on ǫ0. Then the last part of (i) follows from Theorem 5.2 and Theorem 6.1.
For (ii), assume that the first occurrence index of πρ,k,−h in the Witt tower O
ǫ
odd is n−|h|. Then
by Theorem 5.3 and Theorem 6.1, either Θǫn,nǫ(πρ,k,−h) = πρ,k1,h1,ǫ′ or Θ
ǫ
n,nǫ(πρ,k,−h) = πρ,k1,h1,−ǫ′ .
Since these representations are cuspidal and Θǫn,nǫ(πρ,k,h) = πρ,k1,h1,ǫ′, we have Θ
ǫ
n,nǫ(πρ,k,−h) =
πρ,k1,h1,−ǫ′ and Θ
ǫ
nǫ,n(πρ,k1,h1,−ǫ′) = πρ,k,−h. On the other hand, by the conservation relation for
cuspidal representations given in [P1, Theorem 12.3], the first occurrence index of πρ,k1,h1,−ǫ′ can
not be n, which is a contradiction.
Assume that πρ,k,h is not cuspidal. Then πρ,k,h ∈ E(Sp2n, πρ′,k,h) where πρ′,k,h is cuspidal. So
the proposition follows immediately from the cuspidal case and Proposition 5.8. 
Proposition 6.3. (i) Let πρ,k,h be an irreducible representation of O
ǫ
2n(Fq). Let n
′ be the first
occurrence index of πρ,k,h in the Witt tower Sp. Then n
′ = n± k. Moreover, the following hold.
• If n′ = n+|k|, then Θǫn,n′(πρ,k,h) = πρ,k1,h1 with k1 = |k| and h1 ∈ {±h}, and Θ
ǫ
n′,n(πρ,k1,h1) =
πρ,k,h. The first occurrence index of sgn · πρ,k,h is n− |k|.
• If n′ = n − |k|, then Θǫn,n′(πρ,k,h) = πρ,k1,h1 with k1 = |k| − 1 and h1 ∈ {±h}, and
Θǫn′,n(πρ,k1,h1) = πρ,k,h. The first occurrence index of sgn · πρ,k,h is n+ |k|.
• Let n1 and n2 be the first occurrence index of πρ,−k,h and πρ,k,−h. Then n2 = n
′ and
n1 + n
′ = 2n, and Θǫn,n′(πρ,k,−h) = πρ,k1,−h1 and Θ
ǫ
n′,n(πρ,k1,−h1) = πρ,k,−h.
(ii) Let πρ,k,h,ǫ′ be an irreducible representation of O
ǫ
2n+1. Let n
′ be the first occurrence index of
πρ,k,h,ǫ′ in the Witt tower Sp. Then either n
′ = n+ k + 1 or n′ = n− k. Moreover, the following
hold.
• If n′ = n + k + 1, then Θǫn,n′(πρ,k,h,ǫ′) = πρ,k1,h1 with k1 = h and h1 ∈ {±(k + 1)}, and
Θǫn′,n(πρ,k1,h1) = πρ,k,h,ǫ′. The first occurrence index of sgn · πρ,k,h,ǫ′ is n− k.
• If n′ = n−k, then Θǫn,n′(πρ,k,h,ǫ′) = πρ,k1,h1 with k1 = h and h1 ∈ {±k}, and Θ
ǫ
n′,n(πρ,k1,h1) =
πρ,k,h,ǫ′. The first occurrence index of sgn · πρ,k,h,ǫ′ is n+ k + 1.
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Proof. We only prove that last part of (i). The rest follows immediately from Theorem 5.2, Theorem
5.3, Corollary 5.7 and Theorem 6.1, and the conservation relation for cuspidal representations given
in [P1, Theorem 12.3] as above Proposition.
By the same argument of the proof of Proposition 4.3 in [W1], we have πcρ,k,h = πρ,k,−h for the
irreducible cuspidal representation of finite symplectic groups and finite even orthogonal groups.
Let
ωǫ,cn,n′(g) := ω
ǫ
n,n′(xgx
−1)
where g ∈ Oǫ2n(Fq) × Sp2n′(Fq) and x = x1 × x2 ∈ CO
ǫ
2n(Fq) × CSp2n′(Fq) with ζ ◦ λxi = −1 (see
Proposition 4.2). Since there is only one Weil representation for dual pair (Oǫ2n(Fq),Sp2n′(Fq)), we
conclude that ωǫ,cn,n′ = ω
ǫ
n,n′ . So
〈πρ,k,h ⊗ πρ,k1,h1 , ω
ǫ
n,n′〉Oǫ2n(Fq)×Sp2n′ (Fq) =〈π
c
ρ,k,h ⊗ π
c
ρ,k1,h1
, ωǫ,cn,n′〉Oǫ2n(Fq)×Sp2n′ (Fq)
=〈πρ,k,−h ⊗ πρ,k1,−h1 , ω
ǫ
n,n′〉Oǫ2n(Fq)×Sp2n′ (Fq).
By the conservation relation and Proposition 4.2 (ii), we have n1 + n
′ = 2n. 
6.3. Strongly relevant pair of representations. Denote by ǫ−1, the square class of −1.
Definition 6.4. Let ψ be a fixed nontrivial additive character of Fq.
(i) Let π be an irreducible cuspidal representation of Sp2n(Fq), and let π
′ be an irreducible
cuspidal representation of Sp2m(Fq). Let n
ǫ be the first occurrence index of π in the Witt tower
Oǫeven, and let m
ǫ′ be the first occurrence index of π′ in the Witt tower Oǫ
′
odd. Pick ǫ ∈ {±} such
that nǫ ≤ n. We say the pair of representations (π, π′) is (ψ, ǫ0)-relevant if n−n
ǫ = m−mǫ·ǫ0−1 or
n− nǫ = m−mǫ·ǫ0. We say the pair of representations (π, π′) is (ψ, ǫ0)-strongly relevant if (π, π
′)
is (ψ, ǫ0)-relevant and (π
′, π) is (ψ, ǫ−1 · ǫ0)-relevant. It is easily to see (π, π
′) is (ψ, ǫ0)-strongly
relevant if and only if (π′, π) is (ψ, ǫ−1 · ǫ0)-strongly relevant.
(ii) Let π ∈ E(Sp2n, σ), and let π
′ ∈ E(Sp2m, σ
′). We say the pair of representations (π, π′) is
(ψ, ǫ0)-relevant (resp. (ψ, ǫ0)-strongly relevant) if (σ, σ
′) is (ψ, ǫ0)-relevant (resp. (ψ, ǫ0)-strongly
relevant).
(iii) We will write (ψ, ǫ0)-relevant (resp. (ψ, ǫ0)-strongly relevant) simply ǫ0-relevant (resp. ǫ0-
strongly relevant) when no confusion can arise.
For orthogonal groups, the first occurrence index does not depend on ψ. In fact, for even
orthogonal groups, the Weil representation is the same for different choices of ψ. For odd orthogonal
groups, let ωSp2N ,ψ and ωSp2N ,ψ′ be the Weil representations of the finite symplectic group Sp2N (Fq)
corresponding to ψ and ψ′ respectively. Note that restricted to the dual pairs Sp2n′(Fq)×O
ǫ
2n+1(Fq)
with N = n′(2n + 1), one has
(6.3) ωǫn′,n,ψ
∼= ω−ǫn′,n,ψ′
via the isomorphism Oǫ2n+1
∼= O−ǫ2n+1. Let π ∈ E(O
ǫ
2n+1, s) be an irreducible cuspidal representation.
Assume that the first occurrence index of π (resp. sgn · π) is nǫ1 (resp. n
ǫ
2) and Θ
ǫ
n,nǫ1
(π) = πρ,Λ,Λ′
(resp. Θǫn,nǫ2
(sgn · π) = πρ,Λ1,Λ′1). Then πρ,Λ,Λ′ (resp. πρ,Λ1,Λ′1) is cuspidal and so is πρ,Λ,Λ′t (resp.
πρ,Λ1,Λ′t1 ). By Theorem 5.3, if 1 is not a eigenvalue of s, then n
±
i = n do not depend on ψ. Assume
that s has a eigenvalue 1. By Proposition 4.2, we have
πρ,Λ,Λ′(−I) = πρ,Λ,Λ′t(−I) and πρ,Λ1,Λ′1(−I) = πρ,Λ1,Λ′t1 (−I).
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Recall that for any π1 ∈ E(O
ǫ
2n+1) and π2 ∈ E(Sp2nǫ1), if π1 ⊗ π2 appears in ω
ǫ
n,nǫ1
, then π1(−I) =
π2(−I). Then πρ,Λ1,Λ′t1 (−I) = sgn ·π(−I) 6= π(−I), therefore π⊗πρ,Λ1,Λ′t1 does not appear in ω
−ǫ
n,nǫ2
.
On the other hand, by Theorem 5.3 and the conservation relation, either π⊗πρ,Λ1,Λ′t1 or π⊗πρ,Λ,Λ′t
appears in ω−ǫn,m for some m. So the first occurrence index of π is n
ǫ
1 in O
−ǫ
2n+1.
Definition 6.5. (i) Let π be an irreducible cuspidal representation of Oǫn(Fq), and let π
′ be an
irreducible cuspidal representation of Oǫ
′
m(Fq). For χ0 ∈ {1, sgn}, let n
ǫ
0 (resp. m
ǫ′
0 ) be the first
occurrence index of χ0 ⊗ π (resp. χ0 ⊗ π
′). Pick χ0 such that n
ǫ
0 ≤ n. We say the pair of
representations (π, π′) is relevant if{
n− nǫ0 = m−m
ǫ′
0 − 1 or n− n
ǫ
0 = m−m
ǫ′
0 , if n is odd;
n− nǫ0 = m−m
ǫ′
0 + 1 or n− n
ǫ
0 = m−m
ǫ′
0 , otherwise.
We say the pair of representations (π, π′) is strongly relevant if both (π, π′) and (χ⊗ π, χ⊗ π′) are
relevant where χ is defined as Proposition 4.2.
(ii) Let π ∈ E(Oǫn, σ), and let π
′ ∈ E(Oǫ
′
m, σ
′). We say the pair of representations (π, π′) is relevant
(resp. strongly relevant) if (σ, σ′) is relevant (resp. strongly relevant).
Corollary 6.6. Let πρ,k,h be an irreducible representation of Sp2n(Fq), and let πρ′,k′,h′ be an irre-
ducible representation of and Sp2m(Fq). For any ψ and ǫ0, the following hold.
(i) If (πρ,k,h, πρ′,k′,h′) is (ψ, ǫ0)-relevant, then k = |h
′| or k = |h′| − 1.
(ii) If (πρ,k,h, πρ′,k′,h′) is (ψ, ǫ0)-relevant, then (πρ,k,h, πρ,k′,−h′) is not.
(iii) If (πρ,k,h, πρ′,k′,h′) is not (ψ, ǫ0)-relevant and k = |h
′| or k = |h′| − 1, then (πρ,k,h, πρ,k′,−h′)
is (ψ, ǫ0)-relevant.
Proof. It follows immediately from Proposition 6.2. 
For orthogonal groups, we have follow result. It follows immediately from Proposition 6.3.
Corollary 6.7. (i) Let πρ,k,h be an irreducible representation of O
ǫ
2n(Fq), and let πρ′,k′,h′,ǫ′′ be
an irreducible representation of Oǫ
′
2m+1(Fq). If (πρ,k,h, πρ′,k′,h′,ǫ′′) is relevant, then |k| = k
′ or
|k| = k′ − 1.
(i) Let πρ,k,h,ǫ′′ be an irreducible representation of O
ǫ
2n+1(Fq), and let πρ′,k′,h′ be an irreducible
representation of and Oǫ
′
2m(Fq). If (πρ,k,h,ǫ′′, πρ′,k′,h′) is relevant, then |k
′| = k or |k′| = k + 1.
7. The Gan-Gross-Prasad problem: cuspidal case
From now on, we fix a character ψ of Fq. We write ωn,ψ simply ωn when no confusion can arise.
Let π ∈ E(Sp2n, s) be an irreducible representation of Sp2n(Fq). Recall that
L′s(π) = π
(1) ⊗ π(2) ⊗ π(3).
where L′s is the modified Lusztig correspondence. In this section we study the Gan-Gross-Prasad
problem for representation π such that π(2) and π(3) are cuspidal, i.e. we consider the representa-
tions which is of the form πρ,k,h.
By abuse of notation, for π = πρ,−,− ∈ E(Sp2n) and π
′ = πρ′,−,− ∈ E(Sp2m), we write
(7.1) mψ(π, π
′) =
{
mψ(π, π
′), if n ≥ m;
mψ(π
′, π), if n < m.
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If n = m, then by Proposition 7.8, we know that (7.1) is well defined. For any irreducible repre-
sentations, π ∈ E(Oǫn) and π
′ ∈ E(Oǫ
′
m), we write
m(π, π′) =
{
m(π, π′), if n > m;
m(π′, π), if n < m.
We will prove the following result, which is the Fourier-Jacobi case of Theorem 1.1.
Theorem 7.1. Let n ≥ m. Let πρ,k,h be an irreducible representation of Sp2n(Fq), and let πρ′,k′,h′
be an irreducible representation of Sp2m(Fq). Then
mψ(πρ,k,h, πρ′,k′,h′) =
{
mψ(πρ, πρ′) if (πρ,k,h, πρ′,k′,h′) is (ψ, ǫ−1)-strongly relevant;
0 otherwise
where mψ(πρ, πρ′) does not depend on ψ.
For the Bessel case, we have the similar result, and we will only give a sketch of the proof.
Theorem 7.2. Let πρ,h,k,ǫ′′ be an irreducible representation of O
ǫ
2n+1(Fq), and let πρ′,k′,h′ be an
irreducible representation of and Oǫ
′
2m(Fq). Then
m(πρ,h,k,ǫ′′, πρ′,k′,h′) =
{
mψ(πρ, πρ′) if (πρ,h,k,ǫ′′, πρ′,k′,h′) is strongly relevant;
0 otherwise
where mψ(πρ, πρ′) is the same thing as in Theorem 7.1.
7.1. Reduction to the basic case. We first show that parabolic induction preserves multiplic-
ities, and thereby make a reduction to the basic case. We need Proposition 5.8 and the following
result which generalizes [LW3, Proposition 6.1]. Similar to [LW3, Proposition 6.1], the proof of
Proposition 7.3 is an adaptation of that of [GGP1, Theorem 16.1]. Recall that ωǫn = ω
ǫ−1·ǫ
n .
Proposition 7.3. Let s be a semisimple element of Sp2n(Fq)
∗ = SO2n+1(Fq), and s′ be a semisim-
ple element of Sp2m(Fq)
∗ = SO2m+1(Fq). Let π ∈ E(Sp2n, s) be an irreducible representation of
Sp2n(Fq), and let π
′ ∈ E(Sp2m, s
′) be an irreducible representation of Sp2m with n ≥ m. Let P
be an F -stable maximal parabolic subgroup of Sp2n with Levi factor GLn−m × Sp2m. Let s0 be a
semisimple element of GLn−m(Fq) and let τ ∈ E(GLn−m, s0) be an irreducible cuspidal representa-
tion of GLn−m(Fq) which is nontrivial if n −m = 1. Assume that s0 has no common eigenvalues
with s and s′. Then we have
(7.2) mψ(π, π
′) = 〈π⊗ν¯, π′〉H(Fq) = 〈π⊗ω
+
n , I
Sp2n
P (τ⊗π
′)〉Sp2n(Fq) = 〈π⊗ω
ǫ−1
n , I
Sp2n
P (τ⊗π
′)〉Sp2n(Fq),
where the data (H, ν) is given by [LW3, (1.2)].
Proof. It can be proved in the same way as [GGP1, Theorem 16.1]. The cuspidality assumption of
π in [GGP1, Theorem 16.1] was used to obtain the following statement: for an F -stable maximal
parabolic subgroup P ′ of Sp2n with Levi factor GLn−m × Sp2m,
〈I
Sp2n
P ′
(
τ ⊗ (π′ ⊗ ω+m
)
, π〉Sp2n(Fq) = 0.
Since in our case s0 has no common eigenvalues with s and s
′, this multiplicity is zero. The rest of
the proof is the same as that of [GGP1, Theorem 16.1]. 
We also have similar result for Bessel case which generalizes Proposition 5.3 and Corollary 5.4
in [LW3].
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Proposition 7.4. Let s be a semisimple element of SOǫn(Fq)
∗, and s′ be a semisimple element of
SOǫ
′
m(Fq)
∗. Let π ∈ E(SOǫn, s) be an irreducible representation of SO
ǫ
n(Fq), and let π
′ ∈ E(SOǫ
′
m, s
′)
be an irreducible representation of SOǫ
′
m(Fq) with n > m, n ≡ m+ 1 mod 2. Let P be an F -stable
maximal parabolic subgroup of SOǫ
′
n+1 with Levi factor GLℓ × SO
ǫ′
m, ℓ = (n + 1 −m)/2. Let s0 be
a semisimple element of GLℓ(Fq). Let τ1 (resp. τ2) be an irreducible cuspidal representations of
GLℓ′(Fq) (resp. GLℓ−ℓ′(Fq)), ℓ′ ≤ ℓ, which is nontrivial if ℓ′ = 1 (resp. ℓ− ℓ′ = 1), and
τ = IGLℓGLℓ′×GLℓ−ℓ′
(τ1 × τ2).
Assume that τ ∈ E(GLℓ, s0), and s0 has no common eigenvalues with s and s
′. Then we have
(7.3) m(π, π′) = 〈π ⊗ ν¯, π′〉H(Fq) = 〈I
SOǫ
′
n+1
P (τ ⊗ π
′), π〉SOǫn(Fq),
where the data (H, ν) is given by [LW3, (1.2)].
Corollary 7.5. Keep the assumptions in Proposition 7.4. Then
(7.4) m(π, π′) = 〈I
SOǫ
′
n+1
P (τ ⊗ π
′), π〉SOǫn(Fq) = m
(
I
SOǫ
′
n+1−2ℓ′
GLℓ−ℓ′×SO
ǫ′
m
(τ2 ⊗ π
′), π
)
.
Remark 7.6. Recall that we assume that the order q of finite filed Fq is large enough such that
the main theorem in [S2] holds. For any irreducible representation π and π′, there is always a τ
satisfying the conditions in Proposition 7.4.
In order to apply the theta correspondence we will work with orthogonal groups instead of special
orthogonal groups. In Proposition 7.4, for m = 0, assume that τ ∈ E(GLℓ, s0) such that ±1 are not
eigenvalues of s0. By Proposition 3.2, we set
m(π,−) := 〈I
Oǫ
′
n+1
P (τ), π〉Oǫn(Fq) =
{
1, if π is regular ;
0, otherwise.
By the standard arguments of theta correspondence and see-saw dual pairs, we set
mψ(π,−) := 〈π ⊗ ω
ǫ−1
n , I
Sp2n
P (τ)〉Sp2n(Fq) =
{
1, if π is regular ;
0, otherwise’
To prove Theorem 7.1 and Theorem 7.2, by Proposition 7.3 and Proposition 7.4, it suffices to
calculate RHS of (7.2) and (7.3).
7.2. Reformulation. We now prove the Fourier-Jacobi case. It is not hard to see that Theorem
7.1 readily follows from Theorem 7.7 below.
Theorem 7.7. Let s be a semisimple element of Sp2n(Fq)
∗ = SO2n+1(Fq), and s′ be a semisimple
element of Sp2m(Fq)
∗ = SO2m+1(Fq). Let πρ,k,h ∈ E(Sp2n, s) be an irreducible representation of
Sp2n(Fq), and let πρ′,k′,h′ ∈ E(Sp2m, s
′) be an irreducible representation of Sp2m(Fq). Assume that
n ≥ m, and let ℓ = n−m. Let P be an F -stable maximal parabolic subgroup of Sp2n with Levi factor
GLℓ × Sp2m. Let s0 be a semisimple element of GLℓ(Fq) and let τ ∈ E(GLℓ, s0) be an irreducible
cuspidal representation of GLℓ(Fq) which is nontrivial if ℓ = 1. Assume that s0 has no common
eigenvalues with s and s′. Then we have
〈πρ,k,h⊗ω
ǫ0
n , I
Sp2n
P (τ⊗πρ′,k′,h′)〉Sp2n(Fq) =
{
mψ(πρ, πρ′) if (πρ,k,h, πρ′,k′,h′) is ǫ0-strongly relevant;
0 otherwise
where mψ(πρ, πρ′) does not depend on ψ.
We now turn to prove mψ(πρ, πρ′) does not depend on ψ.
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Proposition 7.8. Keep the assumptions in Proposition 7.7. Let k = h = k′ = k′ = 0. Then
mψ(πρ, πρ′) = mψ′(πρ, πρ′) where Let ψ
′ be another nontrivial additive character of Fq not in the
square class of ψ. Moreover, if n = m, then mψ(πρ, πρ′) = mψ(πρ′ , πρ).
Proof. Assume πρ and πρ′ are irreducible representations of Sp2n(Fq) and Sp2m(Fq), respectively.
By Proposition 7.3, we only need to prove
〈πρ ⊗ ω
ǫ−1
n,ψ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq) = 〈πρ ⊗ ω
ǫ−1
n,ψ′ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq)
Consider the see-saw diagram
Sp2n × Sp2n
Sp2n
O
ǫ−1
2n+1
O+2n ×O
ǫ−1
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Theorem 5.2, we have
Θ+n,n,ψ(πρ) = Θ
+
n,n,ψ′(πρ) = π
′
ρ
where π′ρ ∈ E(O
+
2n). By Theorem 5.3 and [LW1, p.14] we have
Θ
ǫ−1
n,n,ψ(πρ′) = π
′
ρ′,ǫ1
and Θ
ǫ−1
n,n,ψ′(πρ′) = π
′
ρ′,ǫ2
where π′ρ′,ǫ1 and π
′
ρ′,ǫ2
∈ E(O
ǫ−1
2n+1). Since π
′
ρ′,ǫ1
(−I) = πρ′(−I) = π
′
ρ′,ǫ2
(−I), we have ǫ1 = ǫ2.
On the other hand,
Θ+n,n,ψ(π
′
ρ) = Θ
+
n,n,ψ′(π
′
ρ) = πρ
and
Θ
ǫ−1
n,n,ψ(π
′
ρ′,ǫ1
) = Θ
ǫ−1
n,n,ψ′(π
′
ρ′,ǫ2
) = πρ′ .
Then by Proposition 5.9, we have
(7.5)
〈πρ ⊗ ω
ǫ−1
n,ψ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq)
=〈Θ+n,n,ψ(π
′
ρ)⊗ ω
ǫ−1
n,ψ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq)
=〈π′ρ,Θ
ǫ−1
n,n(I
Sp2n
P (τ ⊗ πρ′))〉Oǫ2n(Fq)
=〈π′ρ, I
O
ǫ
−1
2n+1
P ′ (τ ⊗ π
′
ρ′,ǫ1
)〉Oǫ2n(Fq)
Similarly, we have
〈πρ ⊗ ω
ǫ−1
n,ψ′ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq) = 〈π
′
ρ, I
O
ǫ
−1
2n+1
P ′ (τ ⊗ π
′
ρ′,ǫ1
)〉Oǫ2n(Fq),
which implies
〈πρ ⊗ ω
ǫ−1
n,ψ′ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq) = 〈πρ ⊗ ω
ǫ−1
n,ψ , I
Sp2n
P (τ ⊗ πρ′)〉Sp2n(Fq).
Suppose that n = m. Then
mψ(πρ, πρ′) = 〈πρ ⊗ ω
ǫ−1
n,ψ , πρ′〉Sp2n(Fq) = 〈πρ, πρ′ ⊗ ω
ǫ−1
n,ψ〉Sp2n(Fq) = 〈πρ, πρ′ ⊗ ω
+
n,ψ〉Sp2n(Fq)
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Recall that ωǫn,ψ = ω
−ǫ
n,ψ′ . Hence
〈πρ, πρ′ ⊗ ω
+
n,ψ〉Sp2n(Fq) =
{
〈πρ, πρ′ ⊗ ω
ǫ−1
n,ψ〉Sp2n(Fq), if ǫ−1 = + ;
〈πρ, πρ′ ⊗ ω
ǫ−1
n,ψ′〉Sp2n(Fq), if ǫ−1 = − ;
=
{
mψ(πρ′ , πρ), if ǫ−1 = + ;
mψ′(πρ′ , πρ), if ǫ−1 = − ;
=mψ(πρ′ , πρ).

The rest of this section is devoted to the proof of Theorem 7.7, which will be divided into two
parts.
7.3. Vanishing result. As a first step towards the proof, we establish the cases where the multi-
plicity in Theorem 7.7 vanishes.
Proposition 7.9. Keep the assumptions in Proposition 7.7. Assume that n ≥ m. If (πρ,k,h, πρ′,k′,h′)
is not ǫ0-strongly relevant, then we have
〈πρ,k,h ⊗ ω
ǫ0
n , I
Sp2n
P (τ ⊗ πρ′,k′,h′)〉Sp2n(Fq) = 0.
Proof. It follows immediately from [LW3, Proposition 5.6], Proposition 6.2 and the standard argu-
ments of theta correspondence and see-saw dual pairs. 
7.4. Non-vanishing result. To finish the proof of Theorem 7.7, it remains to prove the following
result.
Proposition 7.10. Keep the assumptions in Theorem 7.7. Assume that n ≥ m. If (πρ,k,h, πρ′,k′,h′)
is ǫ0-strongly relevant, then we have
〈πρ,k,h ⊗ ω
ǫ0
n , I
Sp2n
P (τ ⊗ πρ′,k′,h′)〉Sp2n(Fq) = mψ(πρ, πρ′).
Proof. It is trivial if k = k′ = h = h′ = 0. We prove the proposition by induction on |k| + |k′| +
|h| + |h′|. Assume that this proposition holds for |k| + |k′| + |h| + |h′| < N . We only prove on
|k| + |k′| + |h| + |h′| = N for ǫ0 = ǫ−1. The proof of ǫ0 = −ǫ−1 is similar and will be left to the
reader. To ease notations we suppress various Levi subgroups from the parabolic induction in the
sequel, which should be clear from the context.
Since (πρ,k,h, πρ′,k′,h′) is ǫ−1-strongly relevant, by Corollary 6.6, we have k = |h
′| or k = |h′| − 1
and k′ = |h| or k′ = |h| − 1, which implies if |k|+ |k′|+ |h|+ |h′| > 0, then |k|+ |k′| > 0. So there
are two cases as follows:
Case (A): k > 0
Case (B): k = 0. In this case, we have k′ > 0.
We now prove the Case (A).
(1) Suppose that k = |h′|.
Put n1 = n− k. By Proposition 6.2 (i), we can pick ǫ ∈ {±} such that the first occurrence index
of πρ,k,h in the Witt tower O
ǫ
even is n1 and Θ
ǫ
n,n1
(πρ,k,h) = πρ1,k1,h1 is an irreducible representation
of Oǫ2n1(Fq) with k1 ∈ {±k} and h1 ∈ {±h}, and Θ
ǫ
n1,n
(πρ1,k1,h1) = πρ,k,h. Since (πρ,k,h, πρ′,k′,h′) is
ǫ−1-strongly relevant and k = |h
′|, the first occurrence index of πρ′,k′,h′ in the Witt tower O
ǫ−1·ǫ
odd is
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m−k and by Proposition 6.2 (ii), Θ
ǫ−1·ǫ
m,m−k(πρ′,k′,h′) = πρ′1,k′1,h′1,ǫ′ with k
′
1 = |h
′|−1 = k−1 = |k1|−1
and h′1 = k
′.
Consider the see-saw diagram
Sp2n × Sp2n
Sp2n
O
ǫ−1·ǫ
2n1+1
Oǫ2n1 ×O
ǫ−1
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Proposition 5.9 and Proposition 6.2, one has,
(7.6)
〈πρ,k,h ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ′,k′,h′)〉Sp2n(Fq)
=〈Θǫn1,n(πρ1,k1,h1)⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ′,k′,h′)〉Sp2n(Fq)
=〈πρ1,k1,h1 ,Θ
ǫ−1·ǫ
n,n1
(ISp2n(τ ⊗ πρ′,k′,h′))〉Oǫ2n1 (Fq)
=〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ′1,k′1,h′1,ǫ′)〉Oǫ2n1 (Fq)
• Suppose that n > m. By Corollary 7.5, let ℓ′ = 1, one has
〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ′1,k′1,h′1,ǫ′)〉Oǫ2n1 (Fq)
=mψ(πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ πρ′1,k′1,h′1,ǫ′))
=〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
.
where τ ′ is τ2 in Corollary 7.5.
Let n2 = n1 − 1− |k
′
1| = n1 − |k1|. Then by Proposition 6.3 (i), we have Θ
ǫ
n1,n2
(sgn · πρ1,k1,h1) =
πρ,k2,h2 is an irreducible representation of Sp2n2(Fq) with k2 = k−1 and h2 ∈ {±h} and Θ
ǫ
n2,n1
(πρ,k2,h2) =
sgn · πρ1,k1,h1 . Consider the see-saw diagram
Sp2n2 × Sp2n2
Sp2n2
Oǫ2n1
O
ǫ−1·ǫ
2n1−1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
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By Proposition 5.9 and Proposition 6.3, one has,
〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
=〈sgn · πρ1,k1,h1 , sgn · I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
=〈sgn · πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ (sgn · πρ′1,k′1,h′1,ǫ′))〉O
ǫ
−1·ǫ
2n1−1
(Fq)
=〈Θǫn2,n1(πρ,k2,h2), I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ (sgn · πρ′1,k′1,h′1,ǫ′))〉O
ǫ
−1·ǫ
2n1−1
(Fq)
=〈πρ,k2,h2 ,Θ
ǫ−1·ǫ
n1−1,n2
(I
O
ǫ
−1·ǫ
2n1−1(τ ′ ⊗ (sgn · πρ′1,k′1,h′1,ǫ′)))⊗ ω
+
n2
〉Sp2n2 (Fq)
=〈πρ,k2,h2 , I
Sp2n2 ((χ⊗ τ ′)⊗ πρ′,k′2,h′2)⊗ ω
+
n2
〉Sp2n2 (Fq)
=〈πρ,k2,h2 ⊗ ω
ǫ−1
n2
, ISp2n2 ((χ⊗ τ ′)⊗ πρ′,k′2,h′2)〉Sp2n2 (Fq)
where k′2 = |h
′
1| = k
′ and h′2 ∈ {±k
′
1} = {|h
′| − 1,−|h′|+ 1}.
• Suppose that n = m. Then ℓ = 0, and τ dose not appear. Similarly, by Corollary 7.5, one has
〈πρ1,k1,h1 , πρ′1,k′1,h′1,ǫ′〉Oǫ2n1 (Fq)
= 〈I
Oǫ
2(n1+1)(τ ′ ⊗ πρ1,k1,h1), πρ′1,k′1,h′1,ǫ′〉O
ǫ
−1·ǫ
2n1+1
(Fq)
.
where τ ′ is τ2 in Corollary 7.5.
Let n2 = n1 − |k
′
1| = n1 − |k1|+ 1. Then by Proposition 5.9 and Proposition 6.3 (ii), we have
Θǫn1,n2(I
Oǫ
2(n1+1)(τ ′ ⊗ (sgn · πρ1,k1,h1)) = I
Sp2n2 (τ ′ ⊗ πρ,k2,h2)
with k2 = k − 1 and h2 ∈ {±h}. Consider the see-saw diagram
Sp2n2 × Sp2n2
Sp2n2
Oǫ2(n1+1)
O
ǫ−1·ǫ
2n1+1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Proposition 5.9 and Proposition 6.3, one has,
〈I
Oǫ
2(n1+1)(τ ′ ⊗ πρ1,k1,h1), πρ′1,k′1,h′1,ǫ′〉O
ǫ
−1·ǫ
2n1+1
(Fq)
=〈sgn · I
Oǫ
2(n1+1)(τ ′ ⊗ πρ1,k1,h1), sgn · πρ′1,k′1,h′1,ǫ′〉O
ǫ
−1·ǫ
2n1+1
(Fq)
=〈I
Oǫ
2(n1+1)(τ ′ ⊗ (sgn · πρ1,k1,h1)), sgn · πρ′1,k′1,h′1,ǫ′〉O
ǫ
−1·ǫ
2n1+1
(Fq)
=〈Θǫn2,n1+1(I
Sp2n2 (τ ′ ⊗ πρ,k2,h2)), sgn · πρ′1,k′1,h′1,ǫ′〉O
ǫ
−1·ǫ
2n1+1
(Fq)
=〈ISp2n2 (τ ′ ⊗ πρ,k2,h2),Θ
ǫ
n1,n2
(sgn · πρ′1,k′1,h′1,ǫ′)⊗ ω
+
n2
〉Sp2n2 (Fq)
=〈ISp2n2 (τ ′ ⊗ πρ,k2,h2), πρ′,k′2,h′2 ⊗ ω
+
n2
〉Sp2n2 (Fq)
where k′2 = |h
′
1| = k
′ and h′2 ∈ {±k
′
1} = {|h
′| − 1,−|h′|+ 1}.
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Summarizing, by induction hypothesis, we have
〈πρ,k,h ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ′,k′,h′)〉Sp2n(Fq)
=
{
〈πρ,k2,h2 ⊗ ω
ǫ−1
n2 , I
Sp2n2 (τ ′ ⊗ πρ′,k′2,h′2)〉Sp2n2 (Fq)
, if n > m;
〈ISp2n2 (τ ′ ⊗ πρ,k2,h2), πρ′,k′2,h′2 ⊗ ω
+
n2
〉Sp2n2 (Fq)
, if n = m.
=

mψ(πρ, πρ′), if n > m and (πρ,k2,h2 , πρ′,k′2,h′2) is ǫ−1-strongly relevant;
mψ(πρ, πρ′), if n = m and (πρ′,k′2,h′2 , πρ,k2,h2) is +-strongly relevant;
0, otherwise.
Note that (πρ,k2,h2 , πρ′,k′2,h′2) is ǫ−1-strongly relevant if and only if (πρ′,k′2,h′2 , πρ,k2,h2) is +-strongly
relevant. If (πρ,k2,h2 , πρ′,k′2,h′2) is ǫ−1-strongly relevant or mψ(πρ, πρ′) = 0, then the Proposition
holds. Assume that mψ(πρ, πρ′) 6= 0. It remains to prove that (πρ,k2,h2 , πρ′,k′2,h′2) must be ǫ−1-
strongly relevant.
Assume that (πρ,k2,h2 , πρ′,k′2,h′2) is not ǫ−1-strongly relevant. Let n
ǫ
2 and m
ǫ−1·ǫ
2 be the first
occurrence index of πρ,k2,h2 and πρ′,k′2,h′2 in the Witt tower O
ǫ
even and O
ǫ−1·ǫ
odd , respectively. Re-
call that πρ,k2,h2 and πρ′,k′2,h′2 are irreducible representations of Sp2(n−2k)(Fq) = Sp2n∗2(Fq) and
Sp2(m−2|h′|+1)(Fq) = Sp2m∗2(Fq), respectively. By above see-saw argument, we have
n∗2 ≤ n
ǫ
2 = n− k and m
∗
2 ≤ m
ǫ−1·ǫ
2 = m− |h
′|.
By Proposition 6.2, we have
n∗2 ≥ n
−ǫ
2 = n− 2k − k2 and m
∗
2 ≥ m
−ǫ−1·ǫ
2 = m− 2|h
′|+ 1− |h′2|,
where n−ǫ2 and m
−ǫ−1·ǫ
2 be the first occurrence index of πρ,k2,h2 and πρ′,k′2,h′2 in the Witt tower O
−ǫ
even
and O
−ǫ−1·ǫ
odd , respectively. Recall that k2 = k− 1, |h
′| = k and |h′2| = |h
′|− 1 = k− 1, which implies
that
n∗2 − n
−ǫ
2 = m
∗
2 −m
−ǫ−1·ǫ
2 = k − 1.
Then (πρ,k2,h2 , πρ′,k′2,h′2) is ǫ−1-relevant. By our assumption, (πρ,k2,h2 , πρ′,k′2,h′2) is not ǫ−1-strongly
relevant, which implies (πρ′,k′2,h′2 , πρ,k2,h2) is not +-relevant. Note that by Corollary 6.6 (iii),
(πρ′,k′2,h′2 , πρ,k2,−h2) is +-relevant, and by Proposition 6.2 (i), (πρ,k2,−h2 , πρ′,k′2,h′2) is ǫ−1-relevant.
Therefore (πρ,k2,−h2, πρ′,k′2,h′2) is ǫ−1-strongly relevant, and by induction on |k|+ |k
′|+ |h|+ |h′|, we
have {
〈πρ,k2,−h2 ⊗ ω
ǫ−1
n2 , I
Sp2n2 (τ ′ ⊗ πρ′,k′2,h′2)〉Sp2n2 (Fq)
= mψ(πρ, πρ′) 6= 0, if n > m;
〈ISp2n2 (τ ′ ⊗ πρ,k2,−h2), πρ′,k′2,h′2 ⊗ ω
+
n2
〉Sp2n2 (Fq)
= mψ(πρ, πρ′) 6= 0, if n = m.
By Proposition 6.2 (i), the first occurrence index of πρ,k,−h in the Witt tower O
ǫ
even is also
n1. Then Θ
ǫ
n,n1
(πρ,k,−h) = πρ1,k∗1 ,h∗1 is an irreducible representation of O
ǫ
2n1(Fq) where k
∗
1 ∈ {±k}
and h∗1 ∈ {±h} and πρ1,k∗1 ,h∗1 6= πρ1,k1,h1 . By Proposition 6.3 (i), the first occurrence index of
sgn · πρ1,k∗1 ,h∗1 (resp. I
Oǫ
2(n1+1)(τ ′ ⊗ (sgn · πρ1,k1,h1)) is also n2, and Θ
ǫ
n1,n2
(πρ1,k∗1 ,h∗1) = πρ,k∗2 ,h∗2 (resp.
Θǫn1,n2(I
Oǫ
2(n1+1)(τ ′ ⊗ (sgn · πρ1,k∗1 ,h∗1)) = I
Sp2n2 (τ ′ ⊗ πρ,k∗2 ,h∗2)) is an irreducible representation of
Sp2n2(Fq) where k
∗
2 = k − 1 = k2 and h
∗
2 ∈ {±h}. Note that πρ,k2,h2 /∈ Θ
ǫ
n1,n2
(πρ1,k∗1 ,h∗1), which
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implies πρ,k∗2 ,h∗2 = πρ,k2,−h2 . With same see-saw argument above, we have
(7.7)
〈πρ,k,−h ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ′,k′,h′)〉Sp2n(Fq)
=〈πρ1,k∗1 ,h∗1 , I
O
ǫ
−1·ǫ
2n1+1(τ ⊗ πρ′1,k′1,h′1)〉Oǫ2n1 (Fq)
=
{
〈πρ,k2,−h2 ⊗ ω
ǫ−1
n2 , I
Sp2n2 (τ ′ ⊗ πρ′,k′2,h′2)〉Sp2n2 (Fq)
, if n > m;
〈ISp2n2 (τ ′ ⊗ πρ,k2,−h2), πρ′,k′2,h′2 ⊗ ω
+
n2
〉Sp2n2 (Fq)
, if n = m.
=mψ(πρ, πρ′)
6=0.
Since (πρ,k,h, πρ′,k′,h′) is ǫ−1-strongly relevant, by Corollary 6.6 (ii), (πρ,k,−h, πρ′,k′,h′) is not ǫ−1-
strongly relevant, which contradicts with (7.7) by Proposition 7.9.
(2) Suppose k = |h′| − 1. One has
〈πρ,k,h ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ′,k′,h′)〉Sp2n(Fq) = 〈πρ,k,h, I
Sp2n(τ ⊗ πρ′,k′,h′)⊗ ω
+
n 〉Sp2n(Fq)
Pick n1 and ǫ as before. Consider the see-saw diagram
Sp2n × Sp2n
Sp2n
Oǫ2n1
O
ǫ−1·ǫ
2n1−1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
Using the same see-saw arguments, we have
〈πρ,k,h, I
Sp2n(τ ⊗ πρ′,k′,h′)⊗ ω
+
n 〉Sp2n(Fq) =〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1−1((χ⊗ τ)⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
where k1 ∈ {±k}, h1 ∈ {±h}, k
′
1 = |h
′| − 1 = k and h′1 = k
′. As before,
〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1−1((χ⊗ τ)⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
= 〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1+1(τ ′ ⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
.
Let n2 = n1 − (|k1| − 1). Consider see-saw diagram
Sp2n2 × Sp2n2
Sp2n2
Oǫ2(n1+1)
O
ǫ−1·ǫ
2n1+1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
Similarly, we have
〈πρ1,k1,h1 , I
O
ǫ
−1·ǫ
2n1+1(τ ′ ⊗ πρ′1,k′1,h′1,ǫ′)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
= 〈πρ,k2,h2 , I
Spn2 (τ ′ ⊗ πρ′,k′2,h′2)⊗ ω
+
n2
〉Sp2n2 (Fq)
where k2 = k − 1, h2 ∈ {±h}, k
′
2 = k
′ and h′2 ∈ {|h
′| − 1,−|h′|+ 1}. The rest of the proof runs as
before.
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We now turn to prove Case (B). Consider the see-saw diagram like this:
Sp2n × Sp2n
Sp2n
Oǫ2n1+1
Oǫ2n1 ×O
+
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
The rest of the proof runs as before. 
7.5. the Bessel case. We have established the Fourier-Jacobi case. We now prove the similar
result for Bessel case.
Proposition 7.11. Let s be a semisimple element of (Oǫ2n+1(Fq)
∗)0, and s′ be a semisimple element
of (Oǫ
′
2m(Fq)
∗)0. Let πρ,k,h,ǫ′′ ∈ E(O
ǫ
2n+1, s), and πρ′,k′,h′ ∈ E(O
ǫ′
2m, s
′).
(i) Assume that n ≥ m. Let P be an F -stable maximal parabolic subgroup of Oǫ
′
2(n+1) with Levi fac-
tor GLn−m+1×O
ǫ′
2m. Let s0 be a semisimple element of GLn−m+1(Fq) and let τ ∈ E(GLn−m+1, s0)
be an irreducible cuspidal representation of GLn−m+1(Fq) which is nontrivial if n − m + 1 = 1.
Assume that s0 has no common eigenvalues with s and s
′. Then we have
〈πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,h′)〉Oǫ2n+1(Fq)
=
{
mψ(πρ, πρ′), if (πρ,k,h,ǫ′′, πρ′,k′,h′) is strongly relevant;
0, otherwise
where mψ(πρ, πρ′) is given in Theorem 7.7 and mψ(πρ, πρ′) does not depend on ψ.
(ii) Assume that n < m. Let P be an F -stable maximal parabolic subgroup of Oǫ2m+1 with Levi
factor GLm−n × O
ǫ
2n+1. Let s0 be a semisimple element of GLm−n(Fq) and let τ ∈ E(GLm−n, s0)
be an irreducible cuspidal representation of GLm−n(Fq) which is nontrivial if m − n = 1. Assume
that s0 has no common eigenvalues with s and s
′. Then we have
〈I
Oǫ2m+1
P (τ ⊗ πρ,k,h,ǫ′′), πρ′,k′,h′〉Oǫ′2m(Fq)
=
{
m(πρ,ǫ′′ , πρ′), if (πρ,k,h,ǫ′′, πρ′,k′,h′) is strongly relevant;
0, otherwise.
where mψ(πρ, πρ′) is given in Theorem 7.7 and mψ(πρ, πρ′) does not depend on ψ.
Proof. we can get the vanishing result by [LW3]. We now prove the non-vanishing result.
We only prove (i). The proof of (ii) is similar and will be left to the reader. As before, we
suppress various Levi subgroups from the parabolic induction in the sequel.
Let nǫ (resp. nǫ0, m
ǫ′ and mǫ
′
0 ) be the first occurrence index of πρ,k,h,ǫ′′ (resp. sgn ⊗ πρ,k,h,ǫ′′,
πρ′,k′,h′ and sgn · πρ′,k′,h′). Recall that by definition, (πρ,k,h,ǫ′′, πρ′,k′,h′) is strongly relevant if and
only if (sgn⊗ πρ,k,h,ǫ′′, sgn ⊗ πρ′,k′,h′) is. Note that
〈πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,h′)〉Oǫ2n+1(Fq) = 〈sgn⊗ πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ sgn⊗ πρ′,k′,h′)〉Oǫ2n+1(Fq).
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By Proposition 6.3, we have{
nǫ = n+ k + 1;
nǫ0 = n− k
or
{
nǫ = n− k;
nǫ0 = n+ k + 1.
Hence it suffices to prove for nǫ = n+ k + 1.
Put n1 = n
ǫ and m1 = m
ǫ′ . By Proposition 6.3, we have Θǫn,n1(πρ,k,h,ǫ′′) = πρ,k1,h1 with k1 = h
and h1 ∈ {±(k+1)} and Θ
ǫ
n1,n
(πρ,k1,h1) = πρ,k,h,ǫ′′. Since (πρ,k,h,ǫ′′, πρ′,k′,h′) is strongly relevant, by
Proposition 6.3 (i), m1 −m = k or m1 −m = k + 1.
• Suppose m1 −m = k. Then by Proposition 6.3, Θ
ǫ′
m,m1
(πρ′,k′,h′) = πρ′,k′1,h′1 with k
′
1 = |k
′| =
k = |h1| − 1 and h
′
1 ∈ {±h
′}, and Θǫ
′
m1,m
(πρ′,k′1,h′1) = πρ′,k′,h′ . By Proposition 5.9, we know that
Θǫ
′
n1,n+1(I
Sp2n1 (τ ⊗ πρ′,k′1,h′1)) = I
Oǫ
′
2(n+1)
P (τ ⊗Θ
ǫ′
m1,m
(πρ′,k′1,h′1)) = I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,h′).
Consider the see-saw diagram:
Sp2n1 × Sp2n1
Sp2n1
Oǫ
′
2(n+1)
Oǫ2n+1 ×O
ǫ−1·ǫ′·ǫ
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Theorem 7.7, one has
〈πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,h′)〉Oǫ2n+1(Fq)
=〈πρ,k,h,ǫ′′,Θ
ǫ′
n1,n+1(I
Sp2n1 (τ ⊗ πρ′,k′1,h′1))〉Oǫ2n+1(Fq)
=〈Θǫn,n1(πρ,k,h,ǫ′′)⊗ ω
ǫ−1·ǫ′·ǫ
n1
, ISp2n1 (τ ⊗ πρ′,k′1,h′1)〉Sp2n1 (Fq)
=〈πρ,k1,h1 ⊗ ω
ǫ−1·ǫ′·ǫ
n1
, ISp2n1 (τ ⊗ πρ′,k′1,h′1)〉Sp2n1 (Fq)
=
{
mψ(πρ, πρ′) if (πρ,k1,h1 , πρ′,k′1,h′1) is ǫ−1 · ǫ
′ · ǫ-strongly relevant;
0 if (πρ,k1,h1 , πρ′,k′1,h′1) is not ǫ−1 · ǫ
′ · ǫ-strongly relevant.
If mψ(πρ, πρ′) = 0 or (πρ,k1,h1 , πρ′,k′1,h′1) is a ǫ−1 · ǫ
′ · ǫ-strongly relevant pair of irreducible repre-
sentations of symplectic groups, then we complete the proof.
We now suppose thatmψ(πρ, πρ′) 6= 0. We show that the pair (πρ,k1,h1 , πρ′,k′1,h′1) must be ǫ−1 ·ǫ
′ ·ǫ-
strongly relevant. Assume that it is not ǫ−1 ·ǫ
′ ·ǫ-strongly relevant. By above see-saw argument, we
know that (πρ′,k′1,h′1 , πρ,k1,h1) is ǫ
′ · ǫ-relevant, which implies that (πρ,k1,h1 , πρ′,k′1,h′1) is not ǫ−1 · ǫ
′ · ǫ-
relevant. Recall that k′1 = |k
′| = k = |h1| − 1. Since (πρ,k,h,ǫ′′, πρ′,k′,h′) is strongly relevant, by
Corollary 6.7, we have h = |h′| or h+ 1 = |h′|. Then{
k′1 = |h1| − 1;
k1 = |h
′
1|
or
{
k′1 = |h1| − 1;
k1 = |h
′
1| − 1.
Hence by Corollary 6.6 (iii), (πρ,k1,h1 , πρ′,k′1,−h′1) is ǫ−1 · ǫ
′ · ǫ-relevant. On the other hand, by
Proposition 6.2 (i), (πρ′,k′1,−h′1 , πρ,k1,h1) is ǫ
′ · ǫ-relevant. So (πρ,k1,h1 , πρ′,k′1,−h′1) is ǫ−1 · ǫ
′ · ǫ-strongly
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relevant. By Theorem 7.7, one has
(7.8) 〈πρ,k1,h1 ⊗ ω
ǫ−1·ǫ′·ǫ
n1
, ISp2n1 (τ ⊗ πρ′,k′1,−h′1)〉Sp2n1 (Fq)
= mψ(πρ, πρ′) 6= 0.
Now consider above see-saw diagram again, by Proposition 6.3 (i):
〈πρ,k1,h1 ⊗ ω
ǫ−1·ǫ′·ǫ
n1
, ISp2n1 (τ ⊗ πρ′,k′1,−h′1)〉Sp2n1 (Fq)
=〈Θǫn,n1(πρ,k,h,ǫ′′)⊗ ω
ǫ−1·ǫ′·ǫ
n1
, ISp2n1 (τ ⊗ πρ′,k′1,−h′1)〉Sp2n1 (Fq)
=〈πρ,k,h,ǫ′′,Θ
ǫ′
n1,n+1(I
Sp2n1 (τ ⊗ πρ′,k′1,−h′1))〉Oǫ2n+1(Fq)
=〈πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,−h′)〉Oǫ2n+1(Fq).
Since (πρ,k,h,ǫ′′, πρ′,k′,h′) is strongly relevant, we know that (χ⊗πρ,k,h,ǫ′′, χ⊗πρ′,k′,h′) = (πρ1,h,k,ǫ′′, πρ′1,h′,k′)
is relevant. By Proposition 6.3 (i), (πρ1,h,k,ǫ′′, πρ′1,−h′,k′) is not relevant. Then (πρ,k,h,ǫ′′, πρ′,k′,−h′) is
not strongly relevant, and by vanishing result
〈πρ,k1,h1 ⊗ ω
ǫ−1·ǫ′·ǫ
n1
, ISp2n1 (τ ⊗ πρ′,k′1,−h′1)〉Sp2n1 (Fq)
= 〈πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,−h′)〉Oǫ2n+1(Fq) = 0,
which contradicts with (7.8). Hence (πρ,k1,h1 , πρ′,k′1,h′1) must be ǫ−1 · ǫ
′ · ǫ-strongly relevant, which
completes the proof.
• Suppose that m1 −m = k + 1. By Corollary 7.5, we have
〈πρ,k,h,ǫ′′, I
Oǫ
′
2(n+1)
P (τ ⊗ πρ′,k′,h′)〉Oǫ2n+1(Fq) = 〈πρ,k,h,ǫ′′, I
Oǫ
′
2n
P (τ2 ⊗ πρ′,k′,h′)〉Oǫ′2n(Fq)
,
where τ2 is given in Corollary 7.5. Consider the see-saw diagram:
Sp2n1 × Sp2n1
Sp2n1
Oǫ2n+1
O
ǫ−1
2n ×O
ǫ−1·ǫ
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
The rest of the proof runs as before.

8. The Gan-Gross-Prasad problem: generalization
The goal of this section is to prove Theorem 1.4, which extends the previous result to arbitrary
representations. We shall follow the method in section 7.
Let
Geven,+n,m :=
{
(Λ,Λ′)|Υ(Λ)∗ 4 Υ(Λ′)∗,Υ(Λ′)∗ 4 Υ(Λ)∗,def(Λ) > 0,def(Λ
′) = def(Λ)− 1
}
;
Geven,−n,m :=
{
(Λ,Λ′)|Υ(Λ′)∗ 4 Υ(Λ)
∗,Υ(Λ)∗ 4 Υ(Λ
′)∗,def(Λ) > 0,def(Λ′) = −def(Λ)− 1
}
;
Godd,−,n,m :=
{
(Λ,Λ′)|Υ(Λ′)∗ 4 Υ(Λ)∗,Υ(Λ)∗ 4 Υ(Λ
′)∗,def(Λ) < 0,def(Λ
′) = −def(Λ)− 1
}
;
Godd,+,n,m :=
{
(Λ,Λ′)|Υ(Λ′)∗ 4 Υ(Λ)∗,Υ(Λ)
∗ 4 Υ(Λ′)∗,def(Λ) < 0,def(Λ
′) = def(Λ)− 1
}
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be subsets of Sn × S
±
m, and let
G =
⋃
n,m
(
Geven,+n,m
⋃
Geven,−n,m
⋃
Godd,−n,m
⋃
Godd,+n,m
)
.
To prove the Fourier-Jacobi case of Theorem 1.4, by Proposition 7.3, it suffices to calculate (7.2).
It is not hard to see that Theorem 1.4 (i) readily follows from Theorem 8.1 below.
Theorem 8.1. Let s be a semisimple element of Sp2n(Fq)
∗ = SO2n+1(Fq), and s′ be a semisimple
element of Sp2m(Fq)
∗ = SO2m+1(Fq). Let πρ,Λ,Λ′ ∈ E(Sp2n, s) be an irreducible representation of
Sp2n(Fq), and πρ1,Λ1,Λ′1 ∈ E(Sp2m, s
′) be an irreducible representation of Sp2m(Fq). Assume that
n ≥ m, and let ℓ = n−m. Let P be an F -stable maximal parabolic subgroup of Sp2n with Levi factor
GLℓ × Sp2m. Let s0 be a semisimple element of GLℓ(Fq) and let τ ∈ E(GLℓ, s0) be an irreducible
cuspidal representation of GLℓ(Fq) which is nontrivial if ℓ = 1. Assume that s0 has no common
eigenvalues with s and s′. Then we have
〈πρ,Λ,Λ′ ⊗ ω
ǫ0
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq)
=

mψ(πρ, πρ1), if (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is (ψ, ǫ0)-strongly relevant, and there are Λ˜
′
1 ∈ {Λ
′
1,Λ
′t
1 }
and Λ˜′ ∈ {Λ′,Λ′t} such that (Λ, Λ˜′1) and (Λ1, Λ˜
′) ∈ G;
0, otherwise.
In particular, for unipotent representation πΛ of Sp2n(Fq) and θ-epresentation π−,Λ′ of Sp2m(Fq),
we have
Theorem 8.2. Let n ≥ m. Let πΛ be an irreducible unipotent representation of Sp2n(Fq), and let
π−,Λ′ be an irreducible θ-epresentation of Sp2m(Fq). Then
mψ(πΛ, π−,Λ′) =
 1, if (πΛ, π−,Λ
′) is (ψ, ǫ−1)-strongly relevant, and there is Λ˜′ ∈ {Λ
′,Λ′t} such
that (Λ, Λ˜′) ∈ G;
0, otherwise,
Similarly, we have the same result for Bessel case.
Theorem 8.3. Let s be a semisimple element of (Oǫ2n+1(Fq)
∗)0, and s′ be a semisimple element of
(Oǫ
′
2m(Fq)
∗)0. Let πρ,Ω,Ω′ ∈ E(O
ǫ′
2m, s
′), and πρ1,Ω1,Ω′1,ǫ′′ ∈ E(O
ǫ
2n+1, s).
(i) Assume that n ≥ m. Let P be an F -stable maximal parabolic subgroup of Oǫ
′
2(n+1) with Levi fac-
tor GLn−m+1×O
ǫ′
2m. Let s0 be a semisimple element of GLn−m+1(Fq) and let τ ∈ E(GLn−m+1, s0)
be an irreducible cuspidal representation of GLn−m+1(Fq) which is nontrivial if n − m + 1 = 1.
Assume that s0 has no common eigenvalues with s and s
′. Then we have
〈πρ1,Ω1,Ω′1,ǫ′′ , I
Oǫ
′
2(n+1)
P (τ ⊗ πρ,Ω,Ω′)〉Oǫ2n+1(Fq)
=

mψ(πρ, πρ1), if (πρ,Ω,Ω′,ǫ′′ , πρ1,Ω1,Ω′1) is strongly relevant, and there are Ω˜ ∈ {Ω,Ω
t}
and Ω˜′ ∈ {Ω′,Ω′t} such that (Ω1, Ω˜) and (Ω
′
1, Ω˜
′) ∈ G;
0, otherwise.
where mψ(πρ, πρ1) is given in Theorem 8.1 and mψ(πρ, πρ1) does not depend on ψ.
(ii) Assume that n < m. Let P be an F -stable maximal parabolic subgroup of Oǫ2m+1 with Levi
factor GLm−n × O
ǫ
2n+1. Let s0 be a semisimple element of GLm−n(Fq) and let τ ∈ E(GLm−n, s0)
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be an irreducible cuspidal representation of GLm−n(Fq) which is nontrivial if m − n = 1. Assume
that s0 has no common eigenvalues with s and s
′. Then we have
〈I
Oǫ2m+1
P (τ ⊗ πρ1,Ω1,Ω′1,ǫ′′), πρ,Ω,Ω′〉Oǫ′2m(Fq)
=

mψ(πρ, πρ1), if (πρ,Ω,Ω′,ǫ′′ , πρ1,Ω1,Ω′1) is strongly relevant, and there are Ω˜ ∈ {Ω,Ω
t}
and Ω˜′ ∈ {Ω′,Ω′t} such that (Ω1, Ω˜) and (Ω
′
1, Ω˜
′) ∈ G;
0, otherwise.
where mψ(πρ, πρ1) is given in Theorem 8.1 and mψ(πρ, πρ1) does not depend on ψ.
The rest of this section is devoted to the proof of Theorem 8.1 and Theorem 8.3, which will be
divided into two parts.
8.1. Vanishing result. As before, we establish the cases where the multiplicity in Theorem 8.1
and Theorem 8.3 vanishes.
Proposition 8.4. Keep the assumptions in Proposition 8.1. If (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is not (ψ, ǫ0)-
strongly relevant, then we have
〈πρ,Λ,Λ′ ⊗ ω
ǫ0
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = 0.
Proof. It follows immediately from [LW3, Proposition 5.6], Proposition 6.2 and the standard argu-
ments of theta correspondence and see-saw dual pairs. 
8.2. Non-vanishing result. To prove the non-vanishing result we first need to know the theta
correspondence of irreducible representations in the first occurrence index.
For a partition λ = [λ1, λ2, · · · , λk], we will denote by λ
2 the parition [λ2, · · · , λk].
Proposition 8.5. Let (G,G′) = (Sp2n,O
ǫ
2n′). Let Λ ∈ Sn, and let Υ(Λ) =
[
λ
µ
]
. Let Λ′ ∈ Sǫn′, and
let Υ(Λ′) =
[
µ′
λ′
]
. Let πΛ be an irreducible unipotent representation of Sp2n(Fq), and let πΛ′ be an
irreducible unipotent representation of Oǫ2n′(Fq).
(i) Assume that ǫ = + and n′ is the first occurrence index of πΛ. Then n
′ = n−λ1−
def(Λ)−1
2 and
Θ+n,n′(πΛ) = πΛ′ where Υ(Λ
′) =
[
µ
λ2
]
and def(Λ′) = −def(Λ) + 1. Moreover, Θ+n′,n
(
Θ+n,n′(πΛ)
)
=
πΛ +
⊕
Λ′′ πΛ′′ with (Υ(Λ
′′)∗)1 > λ1.
(ii) Assume that ǫ = − and n′ is the first occurrence index of πΛ. Then n
′ = n−µ1−
−def(Λ)−1
2 and
Θ−n,n′(πΛ) = πΛ′ where Υ(Λ
′) =
[
µ2
λ
]
and def(Λ′) = −def(Λ) − 1. Moreover, Θ−n′,n
(
Θ−n,n′(πΛ)
)
=
πΛ +
⊕
Λ′′ πΛ′′ with (Υ(Λ
′′)∗)1 > µ1.
(iii) Assume that ǫ = + and n is the first occurrence index of πΛ′. Then n = n
′−µ′1−
def(Λ)
2 and
Θ+n′,n(πΛ′) = πΛ where Υ(Λ) =
[
λ′
µ′2
]
and def(Λ′′) = −def(Λ′) + 1. Moreover, Θ+n,n′
(
Θ+n′,n(πΛ)
)
=
πΛ′ +
⊕
Λ′′ πΛ′′ with (Υ(Λ
′′)∗)1 > µ
′
1.
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(iv) Assume that ǫ = − and n is the first occurrence index of πΛ′ . Then n = n
′−λ′1+
def(Λ)
2 and
Θ−n′,n(πΛ′) = πΛ where Υ(Λ) =
[
λ′2
µ′
]
and def(Λ′′) = −def(Λ′)− 1. Moreover, Θ−n,n′
(
Θ−n′,n(πΛ)
)
=
πΛ′ +
⊕
Λ′′ πΛ′′ with (Υ(Λ
′′)∗)1 > λ
′
1.
Proof. We will only prove the (i). The proof of (ii), (iii) and (iv) is similar and will be left to the
reader. Recall that πΛ ⊗ πΛ′ ∈ ω
+
n,n′ if and only if
(Λ,Λ′) ∈ B+n,n′ =
{
(Λ,Λ′)|tΥ(Λ′)∗ 4
tΥ(Λ)∗, tΥ(Λ)∗ 4
tΥ(Λ′)∗,def(Λ′) = −def(Λ) + 1
}
,
which implies that
(8.1) tλi − 1 ≤
tλ′i ≤
tλi
and
(8.2) tµ′i − 1 ≤
tµ ≤ tµ′i.
It follows that
|λ| − λ1 = |λ
2| ≤ |λ′| ≤ |λ|
and
|µ| ≤ |µ′|.
Recall that for every symbol Λ0 (c.f. [P3, p.10] for details):
rank(Λ0) =
{
|Υ(Λ0)
∗|+ |Υ(Λ0)∗|+ (
def(Λ0)−1
2 )(
def(Λ0)+1
2 ), if def(Λ0) is odd;
|Υ(Λ0)
∗|+ |Υ(Λ0)∗|+ (
def(Λ0)
2 )
2, if def(Λ0) is even.
Hence, there exist Λ′ such that (Λ,Λ′) ∈ B+n,n′ if and only if
n′ ≥ |µ|+ |λ2|+
(
def(Λ′)
2
)2
= |µ|+ |λ2|+
(
def(Λ)− 1
2
)2
= n− λ1 −
def(Λ)− 1
2
.
Moreover, if n′ = n − λ1 −
def(Λ)−1
2 , then |µ| = |µ
′| and |λ2| = |λ′|. By (8.1) and (8.2), we get
tλi − 1 =
tλ′i and
tµ = tµ′i. Therefore,
Θ+n,n′(πΛ) =
{
0 if n′ < n− λ1 −
def(Λ)−1
2 ;
πΛ′ if n
′ = n− λ1 −
def(Λ)−1
2 .
where Υ(Λ′) =
[
µ
λ2
]
and def(Λ′) = −def(Λ) + 1.
For any irreducible representation πΛ′′ ∈ Θ
+
n′,n
(
Θ+n,n′(πΛ)
)
= Θ+n′,n (πΛ′), we have def(Λ
′′) =
def(Λ) and |µ|+ |λ| = |Υ(Λ′′)∗|+ |Υ(Λ′′)∗|. If (Υ(Λ
′′)∗)1 < λ1, then the first occurrence index n
′′ of
πΛ′′ is equal to n− (Υ(Λ
′′)∗)1 −
def(Λ′′)−1
2 > n
′, which is impossible. Suppose that (Υ(Λ′′)∗)1 = λ1.
Since πΛ′′ ⊗ πΛ′ ∈ ω
+
n,n′ , we have
(8.3) (tΥ(Λ′′)∗)i − 1 ≤
tλ′i ≤ (
tΥ(Λ′′)∗)i
and
(8.4) tµ′i − 1 ≤ (
tΥ(Λ′′)∗)i ≤
tµ′i.
Then
|Υ(Λ′′)∗| − λ1 ≤ |λ
2| = |λ| − λ1.
and
|Υ(Λ′′)∗| ≤ |µ
′| = |µ|.
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Note that
|Υ(Λ′′)∗| = |µ|+ |λ| − |Υ(Λ′′)∗| ≥ |λ|.
Hence, |Υ(Λ′′)∗| = |λ| and |Υ(Λ′′)∗| = |µ|. By (8.3) and (8.4), we get Λ
′′ = Λ. So if Λ′′ 6= Λ, then
(Υ(Λ′′)∗)1 > λ1. 
Proposition 8.6. Keep the assumptions in Theorem 8.1. Assume that (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is ǫ0-
strongly relevant. If
〈πρ,Λ,Λ′ ⊗ ω
ǫ0
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) 6= 0.
then there are Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 } and Λ˜
′ ∈ {Λ′,Λ′t} such that (Λ, Λ˜′1) and (Λ1, Λ˜
′) ∈ G.
Proof. We prove the proposition by induction on
r = |Υ(Λ)∗|+ |Υ(Λ)∗|+ |Υ(Λ
′)∗|+ |Υ(Λ′)∗|+ |Υ(Λ1)
∗|+ |Υ(Λ1)∗|+ |Υ(Λ
′
1)
∗|+ |Υ(Λ′1)∗|.
For r = 0, it is Theorem 7.7. Assume that this proposition hold for r < N , we prove for r = N . We
only prove (Λ, Λ˜′1) ∈ G, and the proof for (Λ
′, Λ˜1) ∈ G is similar. And we only prove for ǫ0 = ǫ−1.
Since r > 0, there are two cases of symbols as follows:
Case (A): |Υ(Λ)∗|+ |Υ(Λ)∗|+ |Υ(Λ
′
1)
∗|+ |Υ(Λ′1)∗| 6= 0;
Case (B): |Υ(Λ)∗|+ |Υ(Λ)∗|+ |Υ(Λ
′
1)
∗|+ |Υ(Λ′1)∗| = 0 and |Υ(Λ
′)∗|+ |Υ(Λ′)∗|+ |Υ(Λ1)
∗|+
|Υ(Λ1)∗| 6= 0.
We will only prove the case (A). The proof of the case (B) is similar. Let πρ,Λ,Λ′ ∈ E(Sp2n, πρ′,k,h)
and πρ1,Λ1,Λ′1 ∈ E(Sp2m, πρ′1,k1,h1) where πρ′,k,h and πρ′1,k1,h1 are two cuspidal representations of
Sp2n′(Fq) and Sp2m′(Fq), respectively. Since (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is ǫ−1-strongly relevant, by Corollary
6.6, there are four possibilities:
Case (A.1): def(Λ) > 0 and k = |h1|;
Case (A.2): def(Λ) > 0 and k = |h1| − 1;
Case (A.3): def(Λ) < 0 and k = |h1|;
Case (A.4): def(Λ) < 0 and k = |h1| − 1.
We will only prove the case (A.1). The proof of the rest cases is similar and will be left to the
reader.
Pick ǫ ∈ {±} such that the first occurrence index of πρ′,k,h in the Witt tower O
ǫ
even is n
′ −
k. Since def(Λ) > 0, by Proposition 4.2 (iv) and (6.1), we can conclude that k is even. Let
πρ′,k′,h′ = Θ
ǫ
n′.n′−k(πρ′,k,h). By Proposition 6.2, we know that k
′ is also even. For any irreducible
representation πρ,Ω,Ω′ of O
ǫ
2n∗(Fq), if πρ,Λ,Λ′ ⊗ πρ,Ω,Ω′ appears in ω
ǫ
n,n∗, then by Proposition 5.6, we
have
πρ,Ω,Ω′ ∈ E(O
ǫ
2n∗ , πρ′,k′,h′) and def(Ω) = 2k
′ = 0 mod 4.
Hence, by Corollary 5.11 there is a symbol Ω˜ ∈ {Ω,Ωt} such that if πρ,Λ,Λ′ ⊗ πρ,Ω,Ω′ appears in
ωǫn,n∗, then (Λ, Ω˜) ∈ B
+
rk(Λ),rk(Ω˜)
i.e.
(8.5) πΛ ⊗ πΩ˜ appears in ω
+
rk(Λ),rk(Ω˜)
.
With same argument, for any irreducible representation πρ,Γ,Γ′ of Sp2n∗(Fq), if πρ,Γ,Γ′ ⊗ πρ,Ω,Ω′
appears in ωǫn∗,n∗ , then we have (Γ, Ω˜) ∈ B
+
rk(Γ),rk(Ω˜)
i.e.
(8.6) πΓ ⊗ πΩ˜ appears in ω
+
rk(Γ),rk(Ω˜)
.
ON THE GAN-GROSS-PRASAD PROBLEM FOR FINITE CLASSICAL GROUPS 43
Recall that k = |h1|, then h1 is even. Since (πρ′,k,h, πρ′1,k1,h1) is ǫ−1-strongly relevant and k = |h1|,
by Proposition 6.2, the first occurrence index of πρ′1,k1,h1 in the Witt tower O
ǫ−1·ǫ
odd is m
′−|h1| = m
′−
k. Moreover, we have Θ
ǫ−1·ǫ
n′,m′−k(πρ′1,k1,h1) = πρ′1,k′1,h′1,ǫ1 with k
′
1 = |h
′
1|−1 = k−1 and h
′
1 = k1. Since
πρ1,Λ1,Λ′1 ∈ E(Sp2m, πρ′1,k1,h1), by Proposition 5.6 (i), for any irreducible representation πρ1,Ω1,Ω′1,ǫ1
of O
ǫ−1·ǫ
2m∗+1(Fq) such that πρ1,Λ1,Λ′1 ⊗ πρ1,Ω1,Ω′1,ǫ1 appears in ω
ǫ−1·ǫ
m,m∗ , we conclude that
πρ1,Ω1,Ω′1,ǫ1 ∈ E(O
ǫ−1·ǫ
2m∗+1, πρ′1,k′1,h′1,ǫ1) and
|def(Ω1)| − 1
2
= k − 1.
Since def(Ω1) = 1 (mod 4) and k is even, we get def(Ω1) = −2k+1. Note that h1 is even, we have
def(Λ′1) = 2h1 = 0 (mod 4).
By Corollary 5.12, either (Ω1,Λ
′
1) or (Ω1,Λ
′t
1 ) ∈ B
+
rk(Ω1),rk(Λ′1)
. Pick a symbol Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 } with
def(Λ˜′1) = 2|h1| = 2k > 0, then we have
(8.7) πΩ1 ⊗ πΛ˜′1
appears in ω+
rk(Ω1),rk(Λ′1)
.
With same argument, for any irreducible representation πρ1,Γ1,Γ′1 of Sp2m∗(Fq), if πρ1,Γ1,Γ′1⊗πρ1,Ω1,Ω′1
appears in ω
ǫ−1·ǫ
m∗,m∗
, then we have
(8.8) πΩ1 ⊗ πΓ˜′1
appears in ω+
rk(Ω1),rk(Γ˜′1)
where Γ˜′1 ∈ {Γ
′
1,Γ
′t
1 } ∈ such that def(Γ
′
1) = def(Λ
′
1).
Write Υ(Λ) =
[
λ
µ
]
and Υ(Λ˜′1) =
[
λ′
µ′
]
. To ease notations we suppress various Levi subgroups
from the parabolic induction in the sequel, which should be clear from the context.
Let n1 = n−λ1−
def(Λ)−1
2 = n−λ1− k. By Theorem 5.2, Proposition 8.5 (i) and (8.5), n1 is the
first occurrence index of πρ,Λ,Λ′ in the Witt tower O
ǫ
even, and there is an irreducible representation
πρ,Ω,Ω′ of O
ǫ
2n1
(Fq) such that Υ(Ω˜) =
[
µ
λ2
]
and def(Ω˜) = −def(Λ) + 1, and
πρ,Λ,Λ′ ⊂ Θ
ǫ
n1,n
(πρ,Ω,Ω′)
where Ω′ ∈ {Λ′,Λ′t}.
Consider the see-saw diagram
Sp2n × Sp2n
Sp2n
O
ǫ−1·ǫ
2n1+1
Oǫ2n1 ×O
ǫ−1
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Proposition 5.9, one has
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) ≤〈Θ
ǫ
n1,n
(πρ,Ω,Ω′)⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq),
=〈πρ,Ω,Ω′ ,Θ
ǫ−1·ǫ
n,n1
(ISp2n(τ ⊗ πρ1,Λ1,Λ′1))〉Oǫ2n1 (Fq)
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By Proposition 5.8, every irreducible constituent ρ′ of Θ
ǫ−1·ǫ
n,n1 (I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)) occurs in
I
O
ǫ
−1·ǫ
2n1+1
(
(χ⊗ τ)⊗Θ
ǫ−1·ǫ
m,m−(n−n1)
(πρ1,Λ1,Λ′1)
)
.
By Theorem 5.3, Proposition 8.5 (iii) and (8.7), the first occurrence index of πρ1,Λ1,Λ′1 is
m− λ′1 − |h1| = m− λ
′
1 − k.
If λ′1 < λ1, then
Θ
ǫ−1·ǫ
m,m−(n−n1)
(πρ1,Λ1,Λ′1) = Θ
ǫ−1·ǫ
m,m−λ1−k
(πρ1,Λ1,Λ′1) = 0,
which implies that
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = 0.
This contradicts our assumption. So
(8.9) λ′1 ≥ λ1.
Let m′1 = m − λ
′
1 −
def(Λ˜′1)
2 = m − λ
′
1 − |h1|. By Theorem 5.3, Proposition 8.5 (iii) and (8.7),
there is an irreducible representation πρ1,Ω1,Ω′1,ǫ1 of O
ǫ−1·ǫ
2m′1+1
(Fq) where Ω1 is a symbol such that
Υ(Ω1) =
[
µ′
λ′2
]
and def(Ω1) = −def(Λ˜′1) + 1, and
πρ1,Λ1,Λ′1 ⊂ Θ
ǫ−1·ǫ
m′1,m
(πρ1,Ω1,Ω′1,ǫ1).
with Ω′1 = Λ1. Let n
′
1 = n− λ
′
1 − |h1|.
Now consider the see-saw diagram
Sp2n × Sp2n
Sp2n
Oǫ2(n′1+1)
O
ǫ−1·ǫ
2n′1+1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
One has
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ,Λ1,Λ′1)〉Sp2n(Fq) = 〈I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)⊗ ω
+
n , πρ,Λ,Λ′〉Sp2n(Fq).
For every irreducible constituent ρ1 ∈ I
Sp2n(τ⊗πρ1,Λ1,Λ′1), by Proposition 5.8, there is an irreducible
representation
ρ′1 ∈ I
O
ǫ
−1·ǫ
2n′
1
+1
(
(χ⊗ τ)⊗Θ
ǫ−1·ǫ
m,m′1
(πρ1,Ω1,Ω′1,ǫ1)
)
such that ρ1 ∈ Θ
ǫ−1·ǫ
n′1,n
(ρ′1). Then
〈ρ1 ⊗ ω
+
n , πρ,Λ,Λ′〉Sp2n(Fq) ≤ 〈Θ
ǫ−1·ǫ
n′1,n
(ρ′1)⊗ ω
+
n , πρ,Λ,Λ′〉Sp2n(Fq) = 〈ρ
′
1,Θ
ǫ
n,n′1+1
(πρ,Λ,Λ′)〉Oǫ−1·ǫ
2n′
1
+1
(Fq)
.
Recall that the first occurrence index of πρ,Λ,Λ′ is n− λ1 − k. If λ1 < λ
′
1 − 1, then
Θǫn,n1+1(πρ,Λ,Λ′) = Θ
ǫ
n,n−(λ′1−1)−k
(πρ,Λ,Λ′) = 0.
which implies that
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = 0.
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This contradicts our assumption. So
(8.10) λ′1 − 1 ≤ λ1.
By (8.9) and (8.10), there are only two cases for λ to be considered: λ1 = λ
′
1 or λ1 = λ
′
1 − 1.
We will only prove the proposition for λ1 = λ
′
1 by using our first see-saw again. The proof for
λ1 = λ
′
1 − 1 is similar by the second one, and will be left to the reader.
Suppose that λ1 = λ
′
1. Then by above discussion, one has
Θ
ǫ−1·ǫ
m,m−(n−n1)
(πρ1,Λ1,Λ′1) = πρ1,Ω1,Ω′1,ǫ1 .
Consider the first see-saw, we can conclude that if
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
= 0,
then
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = 0.
So it remains to prove that if
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
6= 0,
then (Λ, Λ˜′1) ∈ G.
We now turn to prove (8.11), (8.12) and (8.13) which means µ′1 = µ1 or µ
′
1 = µ1 − 1. Let
m′2 = n1 − µ
′
1 −
def(Ω1)−1
2 = m − µ
′
1 − λ1 = m− µ
′
1 − λ
′
1, and let n
′
2 = n − µ
′
1 − λ
′
1. By Theorem
5.3, Proposition 8.5 (i) and (8.8), with the same argument as Λ˜′1, there is a representation πρ1,Γ1,Γ′1
of Sp2m′2(Fq) such that Υ(Γ˜
′
1) =
[
λ′2
µ′2
]
and def(Γ˜′1) = −def(Ω1) + 1 = def(Λ˜
′
1) = 2k > 0, and
πρ1,Ω1,Ω′1,ǫ1 ⊂ Θ
ǫ−1·ǫ
n′2,n1
(πρ1,Γ1,Γ′1)
where Γ1 = Λ1 and Γ˜′1 ∈ {Γ
′
1,Γ
′t
1 } with def(Γ˜
′
1) > 0.
Consider the see-saw diagram
Sp2n′2 × Sp2n′2
Sp2n′2
O
ǫ−1·ǫ
2n1+1
Oǫ2n1 ×O
ǫ−1
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
For every irreducible constituent ρ2 ∈ I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1), by Proposition 5.8, there is a
representation ρ′2 ∈ I
Sp2n′
2 (τ ⊗ πρ1,Γ1,Γ′1) such that ρ2 ∈ Θ
ǫ−1·ǫ
n′2,n1
(ρ′2). Then
〈πρ,Ω,Ω′ , ρ2〉Oǫ2n1 (Fq)
≤ 〈πρ,Ω,Ω′ ,Θ
ǫ−1·ǫ
n′2,n1
(ρ′2)〉Oǫ2n1 (Fq)
= 〈Θǫn1,n′2
(πρ,Ω,Ω′)⊗ ω
ǫ−1
n′2
, ρ′2〉Sp2n′2
(Fq).
By Theorem 5.2, Proposition 8.5 and (8.6), the first occurrence index of πρ,Ω,Ω′ is
n1 − µ1 + k = n− λ1 − µ1.
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If µ1 < µ
′
1, then
Θǫn1,n′2
(πρ,Ω,Ω′) = Θ
ǫ
n1,n−µ′1−λ
′
1
(πρ,Ω,Ω′) = 0,
which implies that
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
= 0.
This contradicts our assumption. So
(8.11) µ1 ≥ µ
′
1.
Let n2 = n1 − µ1 −
def(Ω˜)
2 = n − µ1 − λ1. By Theorem 5.2, Proposition 8.5 (iii) and (8.6),
there is a representation πρ,Γ,Γ′ of Sp2n2(Fq) where Γ is a symbol such that Υ(Γ) =
[
λ2
µ2
]
and
def(Γ) = −def(Ω˜) + 1 = def(Λ), and
πρ,Ω,Ω′ ⊂ Θ
ǫ
n2,n1
(πρ,Γ,Γ′).
with Γ′ = Λ′.
By Proposition 7.4 and Corollary 7.5, recall that τ ∈ E(GLℓ), one has
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
=
 〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1−1(τ1 ⊗ πρ1,Ω1,Ω′1,ǫ1)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
, if ℓ 6= 0;
〈I
Oǫ
2(n1+1)(τ1 ⊗ πρ,Ω,Ω′), πρ1,Ω1,Ω′1,ǫ1〉O
ǫ
−1·ǫ
2n1+1
(Fq)
, if ℓ = 0,
where τ1 ∈ E(GL1(Fq2), s1) is a cuspidal representation with s1 6= s
−1
1 and s1 have no common
eigenvalues with s and s′.
Suppose that ℓ 6= 0. Now consider the see-saw diagram
Sp2n2 × Sp2n2
Sp2n2
Oǫ2n1
O
ǫ−1·ǫ
2n1−1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Proposition 8.5, one has
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1−1(τ1 ⊗ πρ1,Ω1,Ω′1,ǫ1)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
≤ 〈Θǫn2,n1(πρ,Γ,Γ′), I
O
ǫ
−1·ǫ
2n1−1(τ1 ⊗ πρ1,Ω1,Ω′1,ǫ1)〉O
ǫ
−1·ǫ
2n1−1
(Fq)
For every irreducible constituent ρ3 ∈ I
O
ǫ
−1·ǫ
2n1−1(τ1 ⊗ πρ1,Ω1,Ω′1,ǫ1), one has
〈Θǫn2,n1(πρ,Γ,Γ′), ρ3〉Oǫ−1·ǫ2n1−1(Fq)
= 〈πρ,Γ,Γ′ ,Θ
ǫ−1·ǫ
n1−1,n2
(ρ3)⊗ ω
+
n2
〉Sp2n2 (Fq)
.
By Proposition 5.8, every irreducible constituent of Θ
ǫ−1·ǫ
n1−1,n2
(ρ3) appears in
ISp2n2
(
(χ⊗ τ1)⊗Θ
ǫ−1·ǫ
m−(n−n1),m−(n−n2)
(πρ1,Ω1,Ω′1,ǫ1)
)
.
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By Theorem 5.3, Proposition 8.5 (i) and (8.8), the first occurrence index of πρ1,Ω1,Ω′1,ǫ1 ism−λ1−µ
′
1.
If µ′1 < µ1 − 1, then
Θ
ǫ−1·ǫ
n1−1,n2
(I
O
ǫ
−1·ǫ
2n1−1(τ1 ⊗ πρ1,Ω1,Ω′1,ǫ1)) = Θ
ǫ−1·ǫ
n1−1,n1−µ1+k−1
(I
O
ǫ
−1·ǫ
2n1−1(τ1 ⊗ πρ1,Ω1,Ω′1,ǫ1)) = 0.
which implies that
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
= 0.
This contradicts our assumption. So
(8.12) µ′1 ≥ µ1 − 1.
Suppose that ℓ = 0. Now consider the see-saw diagram
Sp2(n2+1) × Sp2(n2+1)
Sp2(n2+1)
Oǫ2(n1+1)
O
ǫ−1·ǫ
2n1+1
×O+1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Proposition 5.9 and Proposition 8.5, one has
〈I
Oǫ
2(n1+1)(τ1 ⊗ πρ,Ω,Ω′), πρ1,Ω1,Ω′1,ǫ1〉O
ǫ
−1·ǫ
2n1+1
(Fq)
≤〈Θǫn2+1,n1+1(I
Sp2(n2+1)(τ1 ⊗ πρ,Γ,Γ′)), πρ1,Ω1,Ω′1,ǫ1〉O
ǫ
−1·ǫ
2n1+1
(Fq)
=〈ISp2(n2+1)(τ1 ⊗ πρ,Γ,Γ′),Θ
ǫ−1·ǫ
n1+1,n2+1
(πρ1,Ω1,Ω′1,ǫ1)⊗ ω
+
n2+1
〉Sp2(n2+1)(Fq)
Similarly, if µ′1 < µ1 − 1, then
Θ
ǫ−1·ǫ
n1+1,n2+1
(πρ1,Ω1,Ω′1,ǫ1) = 0.
which implies
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
= 0.
This contradicts our assumption. So
(8.13) µ′1 ≥ µ1 − 1
By (8.11), (8.12) and (8.13), there are only two cases for µ′ to be considered: µ1 = µ
′
1 or
µ′1 = µ1 − 1. If
〈πρ,Γ,Γ′ ⊗ ω
ǫ−1
n′2
, I
Sp2n′
2 (τ ⊗ πρ1,Γ1,Γ′1)〉Sp2n′
2
(Fq) = 0 if µ
′
1 = µ1;
〈πρ,Γ,Γ′ ⊗ ω
ǫ−1
n2 , I
Sp2n2 (τ1 ⊗ πρ1,Γ1,Γ′1)〉Sp2n2 (Fq)
= 0 if µ′1 = µ1 − 1 and ℓ 6= 0;
〈ISp2(n2+1)(τ1 ⊗ πρ,Γ,Γ′)⊗ ω
ǫ−1
n2+1
, πρ1,Γ1,Γ′1〉Sp2(n2+1)(Fq)
= 0 if µ′1 = µ1 − 1 and ℓ = 0,
then
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
= 0.
48 ZHICHENG WANG
So it remains to prove that if
〈πρ,Γ,Γ′ ⊗ ω
ǫ−1
n′2
, I
Sp2n′
2 (τ ⊗ πρ1,Γ1,Γ′1)〉Sp2n′
2
(Fq) 6= 0 if µ
′
1 = µ1;
〈πρ,Γ,Γ′ ⊗ ω
ǫ−1
n2 , I
Sp2n2 (τ1 ⊗ πρ1,Γ1,Γ′1)〉Sp2n2 (Fq)
6= 0 if µ′1 = µ1 − 1 and ℓ 6= 0;
〈ISp2(n2+1)(τ1 ⊗ πρ,Γ,Γ′)⊗ ω
ǫ−1
n2+1
, πρ1,Γ1,Γ′1〉Sp2(n2+1)(Fq)
6= 0 if µ′1 = µ1 − 1 and ℓ = 0,
then (Λ, Λ˜′1) ∈ G.
By (8.9), (8.10), (8.11), (8.12) and (8.13), if (Γ, Γ˜′1) ∈ G
even+
n′′,m′′ for some integers n
′′ and m′′, then
(Λ, Λ˜′1) ∈ G
even+
n,m . Recall that in the case (A), we have |Υ(Λ)
∗|+ |Υ(Λ)∗|+ |Υ(Λ
′
1)
∗|+ |Υ(Λ′1)∗| 6= 0
i.e. λ1 + λ
′
1 + µ1 + µ
′
1 > 0, which implies that
|Υ(Γ)∗|+ |Υ(Γ)∗|+ |Υ(Γ
′)∗|+ |Υ(Γ′)∗|+ |Υ(Γ1)
∗|+ |Υ(Γ1)∗|+ |Υ(Γ
′
1)
∗|+ |Υ(Γ′1)∗|
<|Υ(Λ)∗|+ |Υ(Λ)∗|+ |Υ(Λ
′)∗|+ |Υ(Λ′)∗|+ |Υ(Λ1)
∗|+ |Υ(Λ1)∗|+ |Υ(Λ
′
1)
∗|+ |Υ(Λ′1)∗|.
By Proposition 8.4, we know that (πρ,Γ,Γ′ , πρ1,Γ1,Γ′1) is ǫ−1-strongly relevant, and by induction
hypothesis, we have (Γ, Γ˜′1) ∈ G. Recall that we now consider the case (A.1), we have def(Γ)− 1 =
def(Λ)− 1 = def(Λ′1) = def(Γ
′
1) > 0, which implies (Γ, Γ˜
′
1) ∈ G
even+
n′′,m′′ .

We now turn to the Bessel case.
Proposition 8.7. Keep the assumptions in Theorem 8.3. Assume that (πρ,Ω,Ω′,ǫ′′ , πρ1,Ω1,Ω′1) is
strongly relevant.
(i) Assume that n ≥ m. If
〈πρ1,Ω1,Ω′1,ǫ′′ , I
Oǫ
′
2(n+1)
P (τ ⊗ πρ,Ω,Ω′)〉Oǫ2n+1(Fq) 6= 0.
then there are Ω˜ ∈ {Ω,Ωt} and Ω˜′ ∈ {Ω′,Ω′t} such that (Ω1, Ω˜) and (Ω
′
1, Ω˜
′) ∈ G.
(ii) Assume that n ≤ m. If
〈I
Oǫ2m+1
P (τ ⊗ πρ,Ω,Ω′,ǫ′′), πρ1,Ω1,Ω′1〉Oǫ′2m(Fq)
6= 0.
then there are Ω˜ ∈ {Ω,Ωt} and Ω˜′ ∈ {Ω′,Ω′t} such that (Ω1, Ω˜) and (Ω
′
1, Ω˜
′) ∈ G.
Proof. We will only prove (ii) for ǫ = ǫ′. The rest of the proof is similar and will be left to the
reader.
Let πρ1,Ω1,Ω′1,ǫ′′ ∈ E(O
ǫ
2n+1, πρ′1,k1,h1,ǫ′′) and πρ,Ω,Ω′ ∈ E(O
ǫ′
2m, πρ′,k,h) where πρ′1,k1,h1,ǫ′′ and πρ′,k,h
are two cuspidal representations of Oǫ2n′+1(Fq) and O
ǫ′
2m′(Fq), respectively. Let m0 and m
′
0 be the
first occurrence index of πρ′,k,h and sgn · πρ′,k,h, respectively. Note that
〈πρ1,Ω1,Ω′1,ǫ′′ , I
Oǫ
′
2(n+1)
P (τ ⊗ πρ,Ω,Ω′)〉Oǫ2n+1(Fq) = 〈sgn · πρ1,Ω1,Ω′1,ǫ′′ , I
Oǫ
′
2(n+1)
P (τ ⊗ (sgn · πρ,Ω,Ω′))〉Oǫ2n+1(Fq)
and if m0 ≥ m
′, then m′0 < m
′. So we only need to prove the case m0 ≥ m
′. Recall that by
Proposition 4.2 and Proposition 5.6, there exists an integer N with the following property: for any
irreducible representation πρ,Λ,Λ′ such that πρ,Ω,Ω′⊗πρ,Λ,Λ′ appears in ω
ǫ
m,m∗ , we have N = def(Λ).
Since (πρ,Ω,Ω′,ǫ′′ , πρ1,Ω1,Ω′1) is strongly relevant, by Corollary 6.7, there are four possibilities:
Case (1): N > 0 and k1 = |k| − 1;
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Case (2): N > 0 and k1 = |k|;
Case (3): N < 0 and k1 = |k| − 1;
Case (4): N < 0 and k1 = |k|.
We will only prove the Case (1), which is correspondence to Case (A.1) in the proof of Proposition
8.6. The proof of the rest cases is similar and will be left to the reader.
Note that in this case k and k1 are even, and N = 2|k| + 1. With the same argument of the
proof of Proposition 8.6, the following hold.
• For any irreducible representation πρ,Λ,Λ′ of Sp2m∗(Fq), if πρ,Λ,Λ′⊗πρ,Ω,Ω′ appears in ω
ǫ
m∗,m,
then there is a symbol Ω˜ ∈ {Ω,Ωt} such that (Λ, Ω˜) ∈ B+
rk(Λ),rk(Ω˜)
.
• For any irreducible representation πρ1,Λ1,Λ′1 of Sp2n∗(Fq), if πρ1,Λ1,Λ′1 ⊗ πρ1,Ω1,Ω′1,ǫ′′ appears
in ωǫn∗,n, then there is a symbol Λ˜
′
1 ∈ {Λ
′
1,Λ
′t
1 } with def(Λ˜
′
1) > 0 such that (Ω1, Λ˜
′
1) ∈
B+
rk(Ω1),rk(Λ˜′1)
.
As before, we suppress various Levi subgroups from the parabolic induction. Write Υ(Ω˜) =
[
µ
λ
]
and Υ(Ω1) =
[
µ′
λ′
]
. Let M > n +m be an integer, and let λ0 = [M,λ] and λ0′ = [M,λ′] be two
partitions. By Theorem 5.2, Theorem 5.3, Proposition 8.5 and above discussion, there exists an
irreducible representation πρ,Λ,Λ′ of Sp2m∗(Fq) such that
• Υ(Λ) =
[
λ0
µ
]
and def(Λ) = 2|k|+ 1;
• Λ′ ∈ {Ω′,Ω′t};
• m is the first occurrence index of πρ,Λ,Λ′ in the Witt tower O
ǫ
even and Θ
ǫ
m∗,m(πρ,Λ,Λ′) =
πρ,Ω,Ω′;
• m∗ −m =M + |k|.
and an irreducible representation πρ1,Λ1,Λ′1 of Sp2n∗(Fq) such that
• There exist Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 } such that Υ(Λ˜
′
1) =
[
λ0′
µ′
]
and def(Λ˜′1) = 2(k1 + 1) = 2|k| > 0;
• Λ′1 ∈ {Ω
′
1,Ω
′t
1 } ;
• n is the first occurrence index of πρ1,Λ1,Λ′1 in the Witt tower O
ǫ−1·ǫ
odd and Θ
ǫ−1·ǫ
n∗,n (πρ1,Λ1,Λ′1) =
πρ1,Ω1,Ω′1,ǫ′′;
• n∗ − n =M + k1 =M + |k|.
Consider the see-saw diagram
Sp2m∗ × Sp2m∗
Sp2m∗
O
ǫ−1·ǫ
2m+1
Oǫ2m1 ×O
ǫ−1
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
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By Proposition 5.9, one has
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
m∗ , I
Sp2m(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq)
≤〈Θǫm,m∗(πρ,Ω,Ω′)⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq),
=〈πρ,Ω,Ω′ ,Θ
ǫ−1·ǫ
m∗,m(I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1))〉Oǫ2m∗
1
(Fq)
With same argument in the proof of Proposition 7.11, (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is ǫ−1-strongly relevant.
So (πρ,Λ,Λ′, πρ1,Λ1,Λ′1) is a pair of representations satisfying the conditions in Proposition 8.6. On
the other hand, by Corollary 5.11, Proposition 8.5 and the proof of Proposition 8.6, one has
〈Θǫm,m∗(πρ,Ω,Ω′)⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq)
=〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq) +
⊕
Λ′′
〈πρ,Λ′′,Λ′ ⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq)
where (Υ(Λ′′)∗)1 > M . Note that def(Λ
′′) = def(Λ) = 2|k| + 1 > 0 and |def(Λ′1)| = def(Λ)− 1. So
If (Λ′′, Λˆ′1) ∈ G with Λˆ
′
1 ∈ {Λ
′
1,Λ
′t
1 }, then (Λ
′′, Λˆ′1) ∈ G
even,+
m∗,n∗ . Since Υ(Λˆ
′
1)
∗
1 ≤ max{M,µ
′
1} = M
and (Υ(Λ′′)∗)1 > M , one has Υ(Λ
′′)∗  Υ(Λˆ′1)
∗. So (Λ′′,Λ′1) /∈ G and (Λ
′′,Λ′t1 ) /∈ G. Then by
Proposition 8.6,
〈πρ,Λ′′,Λ′ ⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq) = 0.
Hence, by Proposition 5.9, we have
(8.14)
〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2m+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ′′)〉Oǫ2m(Fq)
=〈πρ,Ω,Ω′ ,Θ
ǫ−1·ǫ
m∗,m(I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1))〉Oǫ2m(Fq)
=〈Θǫm,m∗(πρ,Ω,Ω′)⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq)
=〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
m∗ , I
Sp2m∗ (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2m∗ (Fq),
which completes the proof by Proposition 8.6. 
To finish the proof of Theorem 8.1, it remains to prove the following result.
Proposition 8.8. Keep the assumptions in Theorem 8.1. Assume that (πρ,Λ,Λ′ , πρ1,Λ1,Λ′1) is ǫ0-
strongly relevant. Assume that n ≥ m. If there are Λ˜′1 ∈ {Λ
′
1,Λ
′t
1 } and Λ˜
′ ∈ {Λ′,Λ′t} such that
(Λ, Λ˜′1) and (Λ1, Λ˜
′) ∈ G, then we have
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = mψ(πρ, πρ1).
Proof. As before, we suppress various Levi subgroups from the parabolic induction. We also prove
the proposition by induction on
r = |Υ(Λ)∗|+ |Υ(Λ)∗|+ |Υ(Λ
′)∗|+ |Υ(Λ′)∗|+ |Υ(Λ1)
∗|+ |Υ(Λ1)∗|+ |Υ(Λ
′
1)
∗|+ |Υ(Λ′1)∗|.
For r = 0, it is Theorem 7.7. Keep the notations
ǫ, k, h, k1, h1, Λ˜′1, λ, µ, λ
′, µ′,Ω,Ω′,Ω1,Ω
′
1,Γ,Γ
′, Γ˜′,Γ1,Γ
′
1, n1, n
′
1, n2, n
′
2
in the proof of Proposition 8.6. We will only prove the case (A.1) in the proof of Proposition 8.6
with the assumption λ1 = λ
′
1 and ǫ0 = ǫ−1.
Since def(Λ) = 2k + 1 and |def(Λ′1)| = 2|h1| = 2k = def(Λ)− 1, for any Λˆ
′
1 ∈ {Λ
′
1,Λ
′t
1 }, we have{
(Λ, Λˆ′1) ∈ G, if Λˆ
′
1 = Λ˜
′
1;
(Λ, Λˆ′1) /∈ G, if Λˆ
′
1 6= Λ˜
′
1.
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Consider the see-saw diagram
Sp2n × Sp2n
Sp2n
O
ǫ−1·ǫ
2n1+1
Oǫ2n1 ×O
ǫ−1
1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Corollary 5.11, Proposition 8.5, one has
〈Θǫn1,n(πρ,Ω,Ω′)⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq)
=〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) +
⊕
Λ′′
〈πρ,Λ′′,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq)
with (Υ(Λ′′)∗)1 > λ1 = λ
′
1. By the proof of Proposition 8.7, one has
〈πρ,Λ′′,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = 0,
and
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = 〈πρ,Ω,Ω′ , I
O
ǫ
−1·ǫ
2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
.
Using the same see-saw arguments of Proposition 8.6, and by similar arguments in the proof of
Proposition 8.7, we have
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n(τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq)
=〈πρ,Ω,Ω′ , I
Oǫ2n1+1((χ⊗ τ)⊗ πρ1,Ω1,Ω′1,ǫ1)〉Oǫ2n1 (Fq)
=

〈πρ,Γ,Γ′ ⊗ ω
ǫ−1
n′2
, I
Sp2n′2 (τ ⊗ πρ1,Γ1,Γ′1)〉Sp2n′2
(Fq) if µ
′
1 = µ1;
〈πρ,Γ,Γ′ ⊗ ω
ǫ−1
n2 , I
Sp2n2 (τ1 ⊗ πρ1,Γ1,Γ′1)〉Sp2n2 (Fq)
if µ′1 = µ1 − 1 and ℓ 6= 0;
〈ISp2(n2+1)(τ1 ⊗ πρ,Γ,Γ′)⊗ ω
ǫ−1
n2+1
, πρ1,Γ1,Γ′1〉Sp2(n2+1)(Fq)
if µ′1 = µ1 − 1 and ℓ = 0,
Note that |λ2| + |µ2| + |λ′2| + |µ′2| = |λ| + |µ| + |λ′| + |µ′| if and only if |λ| + |µ| + |λ′| + |µ′| = 0.
By induction hypothesis, the right side is equal to mψ(πρ, πρ′). Then
〈πρ,Λ,Λ′ ⊗ ω
ǫ−1
n , I
Sp2n
P (τ ⊗ πρ1,Λ1,Λ′1)〉Sp2n(Fq) = mψ(πρ, πρ′)

The non-vanishing result for the Bessel case follows immediately from (8.14) and Proposition
8.8.
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